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Abstract

This thesis is concerned with the measurement and computation of distadtEetses

the question fiwhat is meant by distance?
network and space used in spatial research and Geographic Information Systems (GIS)
today. Particular emphasis is placed on the role and applicability ofegeesthat do

not conform to Euclidean space and conventional metrical formulations, including the

explicit treatment of nowniform surfaces, spatial boundaries and obstacles.

The focus of the researchisonthecsa | | ed 6 geomet r itch ed ddngaiampb
theoretic domainod. By this is meant that
surface are all central concepts in the discussion, whereas analysis of paths through
existing networks of prdetermined edge lengths and verticesdrdg a minor role in

the analyses presented.

Throughout this study theoretical results and research from many different disciplines
have been collated where these have a direct bearing on the notions of distance and
path. In many cases new derivationgstablished results are then provided. In other
cases such results have been extended, as in the case of discrete and continuous
approximations to the Euclidean metric, or in the many places throughout this study
where issues of error, accuracy, uncetyaand scale are analysed. Finally, entirely new
results have been developed, such as those relating to least cost paths over surfaces of
variable costs and topography. These latter results have facilitated the solution of a
range of problems using anatai methods, and have provided test cases for
subsequent algorithmic development. The requirement for new toolsets is exemplified
in this study by the development of two new families of algorithms: Distance
Transforms (DTs) and Rapidgxpanding Random Tes (RRTS).
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Organisation of chapters

AA basic truism of geography is
phenomena differs from place to place on the surface of the
Earth. Theoretical treatises that assume a uniformly fertile
plane or an even distribution of population are to this extent

deficient. o
Waldo Tobler(1963

Geographic area and map projections
Geog. Rev., 53, 498

AThe measurement of distance ove
surfaces, such as those defined by transport cost, travel time,
social interaction, or individual mental maps, is more
difficult to assess, largely because we do not yet know
enough about the properties of such surfaces to be able to
say with certainty whether a Euclidean approximation is

reasonabl e or not
David Harvey(1969

Explanation in geography
Edward Arnold, London

12



Organisation of chapters

1 Organisation of chapters

In this document the numbering of Chapter and Section headings, tables and figures is

in the format ACha-puebenomb€hapoerigaChapt ¢
summary of the main elements discussed and at the endgf of the Chapters a

Summary or Conclusion is provided, drawing together key elements raised and
highlighting new results and issues. Each Chapter is followed by notes and references,

which are compiled into a Bibliography at the end of the document.

Chapters 2 and 3 provide an overview and historical perspective. In Chapter 2 we
outline the key objectives of the present study and identify the main areas in which new
results have been sought. This includes an explanation of the role of the primary and
secondary historical research undertaken and its relevance to modern day spatial
science. Finally we describe the key new contributions made in this study to theoretical

research and computational methods.

Chapter 3 examines historical measurement standacdtithe development of the

formal procedures and technol ogies that
This is a complex subject with many int&nned threads, warranting a substantial study

by itself. We attempt to highlight many of the key Bsswsing examples based upon an
analysis of specific historical events and people of the period. In this context the work

of the little known but pioneering f8entury Scottish hydrographic surveyor,

Murdoch Mackenzie, is examined in some detail, ineclgdin investigation into the

main sources of error that remained in hi
of fellow Scot William Roy, founder of the Ordnance Survey, marks the boundary

between the informal and somewhat artistic and plagiagpficoach to map making of

earlier cartographers, to the systematic scientific surveying methods that were to follow.
The close relationship between the instruments used for distance and angular
measurement and those required for precision time measurproeitdes a unifying

thread to this discussion, commencing with their use in determining location at sea,

through to the application of time measurement in modern GPS, GNSS antl EDM

13



Organisation of chapters

systems. Chapter 3 (and several of the main Chapters) includes discfise®mwork

of many 18 and early 19 century scientists and mathematicians. One Section of
Chapter 3 is devoted to a commentary on the work of three of these: Lambert, Gauss
and Riemann, many of whose results have a direct bearing on the subsequent

devdopment of this study.

Chapters 4 to 7 examine distance and path measurement from a largely theoretical
perspective. This includes a systematic review of distance measures, metrics and
measurement techniques, which leads on to a discussion of statnsiels, optimal

paths on surfaces, networks and location theory. Each Chapter examines a separate
element of the distance issue, focusing on problems invoinhr@gmogeneoug.e.

6ravalr | do) 2cSpenifit atteritian s paid to alternative metacsl to

problems involving bounded regions and constraints, such as obstacles, high cost zones,
linear structures, and gradient and curvature restrictions. A number of new results and
procedures are developed that provide foundations for experimentaleatidal

analyses.

Chapter 4 considers the notion of distance from a formal perspective. This involves an
examination of the terms metric and metric space. A variety of different measures of
distance are discussed, with special attention being paidge theeting the formal
requirements for a metric in comparison to measures which fall a little or a great deal

short of these requirements. We argue the case that the concepts of distance and path are
inseparable, and that even if a path is not an explgitof an expression for distance it

is implicit. A number of substantive results are derived, including several relating to

optimum locations and paths. This theme is picked up again in Chapters 7 and 8.

Chapter 5 looks at the practical and theoreticastions raised when attempting to

carry out distance measurement. We consider the range of circumstances in which
distances are measurable and meaningful, and those for which such measurement is
problematic or impossible. Drawing upon the discussiah®fprevious Chapter we
examine alternative models of path, including: abstract classical models, fractal models,
a number of alternative statistical models, and finally lattice representations. In

connection with lattices, Distance Transforms and thew@ated local neighbourhood
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metrics, familiar to those working in image processing, are discussed and examined in

some detail.

Chapter 6 (and the associated Annex 1) focuses on statistical issues, in particular
average distances and tests of completéapandomness (CSR) that utilise distance
measures. Here we seek to demonstrate both the scope and applicability of statistical
distance measures to practical spatial problems. A wide range of results are derived,
collated and presented in a manner Hesks to clarify the underlying assumptions and

the logic of the models used.

Chapter 7 (and the associated Annexes 2 and 3) provide the theoretical and practical
foundations for the most difficult class of problems we congidbese relate to the
detemination of optimal paths across real landscapes taking into account variable
generalised costs and constraints on permissible paths. In addition to explicit (analytic)
solutions for selected variable cost surface problems, new techniques for solving the
more general problems are presented. The first of these techniques builds upon the
image processing algorithms known as Distance Transforms, whilst the second builds
on existing work in the field dfinodynamicgthe study of moving robotic devices).

The rdootics algorithm RRT is coupled with variational methods of optimisation to
provide the basis for a procedure we call VORTAL. Outline algorithms for these
methods are provided in Ann8x

Chapter 8 applies a number of results from the preceding Chapsgsdific problems

in network design and location thedryotably Steiner networks, Ferméateber

problems and velocitfield traffic modelling. Solutions for a variety of problems under

a range of metrics and variable cost and velocity surfaces aresghscin some detail

and solution methods presented. Amongst other results, we provide a near exact analytic
solution for the weighted-Boint Steiner problem in the plane with constant costs. In
addition new procedures are described, which we refer tautijpd Weighted

Distance Transforms (MWDT) and Least Cost Distance Transforms (LCDT), with a
range of applications in location theory, transport planning and desjmport. These

procedures are particularly suited to implementation within GIS softparikages.
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Chapter 9 contains a summary and conclusions that may be drawn from the present
study, together with identification of areas warranting immediate and tbexger

research and development.

Chapter 10 (and the associated Annex 4) is a Posttetipis study. It provides a brief
examination of the role of telecommunications irsh@ping concepts and the reality of
distance, especially as this relates to informatientric activities. The importance of
telecommunications in enabling both cehsation (of facilities and services) and-de

centralisation (in terms of demand and access) are discussed, with specific examples

drawn from the financi al services sector

as some authors would have it,tdisce remains a central concern in almost of all
human activity. The principal effect of telecommunications (as with faster and more
cost effective forms of travel and transport) is to reshape our perceptions of distance and

to influence the way in whictose areas of human activity are organised.

The document is completed with technical and reference sections, including Annexes
deriving several of the results and providing code extracts for material which is
discussed in the main body of the text. Addiibmaterials (documents, software) are
accessible via the CASA web padétp://www.casa.ucl.ac.uk/people/Mikede.htm

AHo me p ag étfp:/ Mwwrdsmith.coch/MJdS/index.html
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Notes and references:

1 GPs Global Positioning SystenGNSS Global Navigation Satellite SystentsSDM: Electronic
Distance Measurement
2sometimes referred to as o6anisot ropicd coelyditi on

to variations in direction (i.e. rotational variance) rather than rotational and translational variations
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2 Preface

2.1 Overview

This study is concerned with the measurement and computation of distance. It addresses
the question Awhat i s meant by distance?:¢
network and space used in spatial research and Geographic Information Systems (GIS)
today. Particular emphasis is placed on the role and applicability of geometries that do

not conform to Euclidean space and conventional metrical formulations, inchheing

explicit treatment of nowiniform surfaces, spatial boundaries and obstacles. Although
classical unbounded plane and spherical geometry is of immense value and
applicability, 1t 1s a-wloirmidtoi pg odd ummpt ia
guotations (pagéd2) emphasise. The challenge we seek to address in this study is to
provide analytical and computational solutions to key problems invesddl spatial

analysis that incorporate the issues highlighted many yearsyabker and Harvey.

This is an ambitious objective and, inevitably, complete solutions will not be

forthcoming.

Ourfocusisonthesoal | ed 6égeometric domaind, rath
domaindéd. By this we me are,drdstor, pathand autfaceo n,
are all central concepts in our discussion, whereas analysis of paths through existing
networks of predetermined edge lengths and vertices has only a minor role in the

analyses that follow. Likewise, whilst much of our dission could focus on mapping

and map transformations, this subject is not dealt with in depth since it is covered
thoroughly in numerous existing works. However, a number of key issues relating to
mapping are addressed in the historical review, in theiskson of metrics, and in the

subsequent treatment of generalised cost distances.

The scope of the study remains, necessarily, very brtlael topics considered have

been the subject of intense study by most scientific disciplines, including mathematics,
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astronomy, geodesy, physics, architecture, geography, biometrics, software and
telecommunication engineering, operations research, robotics, image processing,
materials science and many more. The breadth of interest generates its own groblems
in some caes an apparently specialist area of interest to one group of professionals is
found to be the subject of an unexpectedly large body of research across many
disciplines. It is not the intention of this study to attempt to summarise or directly refer
to al such work, but to highlight key findings where appropriate. Reflecting the recent
availability of managed webased resources and annotated bibliographies, web links to
such resources are also included where appropriate within the footnotes and reference

sections of this document.

Much of the modern material draws upon the pioneering works'b&@atury

geographers and spatial scientists. Most notable amongst these aré Bamde

Toblert, Warnt?, Hagerstrant] Harvey, Dacey and Goodchil Drawing upon other
disciplines, the papersbyKend@b n fiConstructing maps fronm
i nformati onod an ¢ onRisual@erdesion averelalsGiongopaat arly
influences on the development of some of the ideas presented. More contemokary w
has included that of Mandelbtébn spaces of fractional dimension and the many
subsequent extensions of this by Mandlebrot and other at#tamd the enormous

growth in the study and application of Geographic Information Systems, GIS for
Transportatin (GIST) and GIS Science (GISst) Finally, the rise of computational
methods in image processing, robotics and spatial analysis is reflected in much of the

analysis, and such methods are developed as central tools within this study.

2.2 Historical foundations

The foundations for this study have a strong historical component. This originates in the
work of the scientists and artisans of the laté 4i7d 18 centuries the Age of

Enlightenment in mathematics, horology, navigation and surveying. The &tisrfor

the research also owes much to the latecEhtury/early 20 century writings of

Clifford'® and Reichenbaéhon the philosophy of space and time, the little book

AFl atlando by E A AbbwtCQ Eosnc heirndesn sgir carpahliict
19" century formulation of geometric probabifity
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An analysis of geographic (terrestrial) distance and space warrants an examination of
the historical role of time and time measurement in the determination of both location
and distance. AccordinglyniChapter 3, we examine developments in both the
measurement of time and the techniques involved, from the invention of the pendulum
to the use of modern atomic clocks. Questions of the standardisation of length
measurement, its relation to time measurdanaed the study of error and accuracy are

covered in some detail.

Within this historical Chapter we devote a Section each to two particular scientists. The
first (in Section3.3.9 is a study of the work of the pioneering™@&ntury surveyor,

Murdoch Mackenzie. Hi®rometricmethod, production of the first true hydrographic
coastal charts and guides, and invention of the Station Pointer, are little known today,
despite their great importance at the time. Prior to the preseiyt $10 detailed

examination of the quality of his work has been undertaken, and we believe that the
material presented in this Section provides valuable lessons for present day spatial
science. The second scientist discussed (in Se8ibims C F Gauss. In complete

contrast to Mackenzie his name and much of his work and that of his students and
associates is extremely well known to modern day scientists. But for many of us
working in the field of spatial analysis the breadtinis researches, from statistics

through the analysis of surfaces to geodesy and electronic communications, comes as
something of a revelation. The work of Gauss spans the period from the development of
precision instruments and time measurement to treeemncage of digital
communicatonsas such it offers us a bridge fro

Information Telecommunications and Computing (ITC).

2.3 Distance, path and GIS

With the recent availability of high quality digital raster and vectorsdsait is now

practical to apply more complex theoretical research results and techniques to detailed,
accuraté’ datasets. In this way it is possible to test and rank the merits of these theories
when applied to real data and practical planning and coamh@roblems. Such

problems include route selection; route construction; data management (storage and
retrieval, data resolution and error issues); regional planning; location analysis and

many related areas. Development of new models and theories faclisated,
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utilising the tools of simulation, visualisation and geocomputation to explore such
dataset¥.

The provision of facilities for the calculation and extraction of distance measures is a
fundamental part of all spatial data tools. Most GlSvearfe packages offer at least

three categories of distance measure: (i) coordibased distance measures in the

plane or on a sphere (which may be adjusted to a more close approximation of the
eart hds s h aibasgdmeasures Jetenmamed wyasung the stored length or
related measure of a single link or multiple set of links; and (iii) ok based

measures, determined by summing the length of stored straight line segments
(sequences of closely spaced plane coordinates) representing &givee, such as a
boundary. Sets of these various measures provide the basic components of most forms
of spatial analysis.

It is important to question the assumptions that underlie such measures and the extent to
which the instantly available numericadlues disguise and possibly distort the
complexity of underlying realvorld spatial patterns and processes. The first and third
of these distance measures utilise the simple and familiar formulae for distance in
uniform 2D and 3D Euclidean space and time surface of a perfect sphere or
spheroid. These formulae make two fundamental assumptions: (i) the distance to be
measured is to be calculated along the shortest physical path in the selectédlisigace
is defined to be the shortest straight line lemwthe selected points (Euclidean straight
lines or great circle arcs on the sphere); and (ii) that the space is completely uniform
(homogeneous) there are no variations in terms of direction or location. These
assumptions facilitate the use of expressithat only require knowledge of the
coordinates of the initial and final locations, and thereby avoid the difficult question of

how you get from A to B.

Whilst coordinatebased formulation is very convenient, it generally means that a GIS

will not provide true distances between pairs of locations across the physical urface

It is possible for such systems to provide slope distance, and potentially surface distance
along a selected transect or profile, but such measures are not provided as standard in
most packages. For problems that are not constrained to lie on existing networks,

surface distances can be derived from the surface representation within the GIS. For
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example this can be achieved using a regular or irregular lattice representation along
whose edges or across whose cells a set of links may be accumulated to form a
(shortest) path between the origin and destination points. For the subset of problems
concerned with existing networks, such questions could be restricted to locations that lie
onthese networks (or at network nodes) where path link lengths have been previously
obtained. Both of these approaches immediately raise a series of additional questions:
how accurate is the representation being used and does it distort the resulting path
and/or optimal location selections? which path through the network or surface
representation should be used (e.g. shortest length, least effort, most scenic)? how are
intermediate start and end points (i.e. points not explicitly represented in the GIS
dataet) to be handled? are selected paths symmetric (in terms of physical distance,
time, cost, effort etc.)? what constraints on the path are being applied (e.g. in terms of
gradient, curvature, restriction to the existing physical surface etc.)? is thereneasu
returned understandable and meaningful in terms of the requirements? how are multi

point/multi-path problems to be handled?

A careful consideration of almost any spatial problem will highlight the inadequacy of

the assumption of homogeneous space. lohckiformity is at the heart of spatial

studies, as was argued convincingly by geographers from the late 1950s and throughout
the 1960s, culminating in David Harveyos
(1969). This observation forces us to ask whaasures of separation are appropriate?

In many instances the standard measures of Euclidean and spherical geometry suffice,
especially over small areas. They also work well over larger areas that are reasonably
homegeneous, such as paths through apaces although even here optical and other
distortions may come into play. The measures are less useful if paths are restricted to a
two-dimensional variabfé surface, and even less usefuifictionaldistancesare to be
considered. For a cyclist, hordeawn cart, truck or train the total amount of climb and
maximum gradient of a route may be just as important as planar or even surface
distance; for a commuter the primary considerations are likely to be those of cost and
time rather than distance; forregtruction engineers it is usage costs, operating costs,
environmental costs and construction costs (related strongly to vertical and horizontal
gradient along the path) which are the main concerns, and these are rarely linear

functions of coordinate or ew true surface distance.
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In the real, inhomogeneous, world the measures of distance we use should reflect the
spatial (and in some cases temporal) variation we experience and the purposes for which
we require the measurements. Such measures should\exddersm incremental

elements and defined in termspathandfunction and not merely upon an abstract
computation derived from the values of the coordinates at the start and end points. We
need, therefore, more general formulations of distance measwesordance with

these principles and seek their inclusion in GIS and spatial toolsets. The present study
examines these questions of distance and path in a detailed and practical manner,
building upon the deep analyses of previous researchers in relisy Specific

analytical results and algorithms are sought with a view to providing the building blocks
for others, especially those involved in extending the toolsets available to the modern
day spatial analyst.

2.4 Development of new theoretical results

Throughout this study we have sought to collate theoretical results and research from
many different disciplines that have a direct bearing on the notions of distance and path.
In many cases we provide new derivations of established results (as for example,
Chapter 6 and Annex 1). In other cases we have sought to incrementally extend such
results, as in the case of discrete and continuous approximations to the Euclidean metric
(Chapter 4), or in the many places throughout this study where we analysefssues

error, accuracy, uncertainty and scale. Finally, we have developed entirely new results,
such as those relating to least cost paths over surfaces of variable costs and topography.
These latter results have facilitated the solution of a range of prehigimy analytical
methods (as are covered in some detail in Annex 2), and have provided test cases for

subsequent algorithmic development (see further, below).

Theoretical results, in themselves, may not be usable directly owing to the differences
betweem i deal i sed networks and O0smoot hd surf
between the real world and the spatial datasets which are used to represent it. However,
such results can provide insight into problems that may be used to simplify search
algaithms, reduce levels of data analysis required or guide the production of more

effective heuristics. Theoretical analysis can also serve to highlight issues of solvability:
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despite the expectation that wdkfined and apparently simple problems will have
straightforward solutions, this is often not the case and we may find that for some
problems there are either no (optimal) solutions at all or an unlimited number of

solutions to choose from. For example, in the analyses that follow there are situations
described in which there are 6holesd in t
that are unreachable depending on the initial conditions, end conditions and rules of
transition that are applied. Similarly, there are problems for which smaljeban the

model assumptions or parameters may result in large changes in the solution path(s).
Theoretical analyses seek to provide an understanding of such problems and to deliver
the building blocks for the development of new toolsets and for the coitation of

core concepts.

2.5 Development of new toolsets

The requirement for new toolsets is exemplified in this study by the development of two
new families of algorithms: Distance Transforms (DTs) and Raygdbanding
Random Trees (RRTSs). Both proceduresdescribed in the text and code samples are

provided in Annex 3.

2.5.1 Distance transforms (DTs)

In Section5.2.8 drawing upon the theoretical analyses in Chapters 4 and 5, we provide
an introduction to Distance Transforms (DTsHaseloped within the field of image
processing. This includes a summary of results that have been obtained in recent years
on the accuracy and optimum design of such transforms, notably4ditvemsional
applications. Our initial review leads on to armexnation of the application of DTs to

a range of problems in spatial analysis. Simple uses of existing DT algorithms are
described, with a first extension being their application to problems involving

obstructions.

In Chapters 7 and 8 we develop a numidfdurther extensions to existing DT methods.
The first extension (Sectioh4.3.) facilitates their application to the determination of
shortest paths across physical landscapes, which we describe as Variable Topography
DTs,or VTDT. The second of these (Sect®i.3.]) involves combining and

weighting DTs to generate solutions to problems in spatial deamsakingi we call

this method Multiple Weighted Distance Transforms, or MWDT. The thictfizual
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extension (Sections.4.3.2and8.1.3.9 is perhaps the most powerful and widely

applicable procedure. It addresses problems in which generalised costs (or traffic
velocity) vary across a remi of interest. The Least Cost Distance Transform (LCDT)

that we develop has similarities to Accumulated Cost Surface (ACS) methods and has a
similar variety of applications. Examples of least cost and least time solutions to a
number of classic and compglspatial problems are described. Each of these extensions
involves very minor alterations to a single core algorithm, which is very simple to
implement and fast to run. As such the use of extended DTs provides a unified

methodology that may be applieddwery wide range of problems in spatial analysis.

2.5.2 Random trees (RRTSs)

Distance transforms are not well suited to problems involving the behaviour of a
moving object or series of objects. Constraints on paths that are related to movement
include: maximum madient (parallel to and orthogonal or lateral to the path direction);
maximum curvature (vertical/horizontal); obstacle avoidance (proximity constraints);
and a variety of mukpath problems. All are examples of constrained{iatting

problems that ragjre solution procedures based upon exploring specific paths across
the sample space and progressively checking that these meet the constraints in question.
There are a number of emerging techniques of this kind. In this study we develop one
such techniqueknown as Rapidhexpanding Random Trees (RRT), in combination

with variational methods, to produce a new form of path determination that we have
named VORTAL (Variational Optimisation of Random Trees Algorithm). We provide
examples of optimal path detamation in the plane with obstacles, proximity
constraints and multiple sources. Examples of{fiatting with gradient constraints are
also provided. This is an area warranting substantial further development, with the
current study providing the centgorithmic framework for more sophisticated

models that could be used in operational research programmes, military planning and

civil engineering design.

2.6 Terminology and notation

In this study several problems and measures are described by referermedo na
individuals, such as Steiner points, the Minkowskil(grmetric and Minkowski/Cantor
sausage. These terms sometimes have different associations or definitions in other
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disciplines, notably in mathematics and physics. The common usage within social

sdence literature has been adopted in such cases.

Selected terms and phrases are displayédlios for emphasis. Expressions and

variables are always displayeditalics.

2.7 References and footnotes

References and footnotes are provided at the enctbf@aapter. If a statement,

equation or diagram is provided without an explicit reference it has been derived as part
of the present study or is so widely known as to not require a specific reference. All
referenced articles and books appear in the bitdgy at the end of the document.
Chapter 3 contains an extended section of notes reflecting the need to provide primary
and secondary source details and information relating to personalities, historical dates

and events.
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3 Historical foundations

The historical background to the scientific development of geodesy, hydrography and
cartography provides an insight into many issues that remain of central importance
today. Amongst these are: the key role of standardisation in the figlgsasiurement

and data definition; the interpretation and treatment of errors, uncertainty and
accuracy; the relationship between scientific endeavour and the pressure to deliver
(completé results in a timely manner within agreed budgets; and the importince
producing practical, understandable and useful res{degasets, models, procedures,

tools) in spite of the limitations of time, cost and technologies available.

We have therefore chosen to commence our study of distance and path with a wide
rangingexamination of historical measurement standards and the development of
formal procedures, mathematical model s ai
measurements to be made. These developments provided the foundations for precision
cartography and theatermination of location on land and at sea. The close

relationship between the instruments used for distance and angular measurement and
those required for precision time measurement provides a unifying thread to this
discussion, commencing with their useletermining location at sea and the

measurement of gravity, through to the application of time measurement in modern GPS
and EDM? systems. A second unifying thread is the close relationship between political
and military concerns, scientific developmh@nd commerce as true in the 17 and

18" centuries as it is today.

In the course of our review the contributions made by numerous historical figures are
discussed, but those of two particular scientists are covered in greater detail. The first
involves the work of the little known but pioneering' Gntury Scottish hydrographic
surveyor, Murdoch Mackenz{@7121797. Our commentary includes an investigation
into the factors that led to his surveys being established in the first place, andeinto th

main sources of error that remained in his highly important series of coastal surveys of
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the west coast of Britain and Ilreland. M;
Roy, founder of the Ordnance Survey, marks the boundary between the isfodmal
somewhat artistic and plagiaristic approach to map making of earlier cartographers,

and the systematic scientific surveying methods that were to follow.

The work of the second scientist we discuss in some detail is that of the astronomer and
mathematian, C F Gaus¢17771855. Unl i ke Mackenzie, Gaus:
well known and his contributions to mathematics and statistics have been widely
documented. However, within the context of the present research, we seek to highlight

the remarkablenumber of touctpoints between his discoveries and the subject matter

of the Chapters that folloWfrom geodesy to statistics, curved spaces to optimal

network design, and from equipotential surfaces to the beginnings of data

communications.

A summary thle of dategTimeline$ is provided at the end of the Chapter for cross
referencing purposes. A great deal of explanatory and supporting material together
with many references is provided in the

following the Timelies table.
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3.1 Introduction

Political and military events in the late®1@entury and throughout the 1.8entury

provided the driving force behind many of the developments that lie at the foundation of
modern geographical and spatial research. Many oé tkeg developments took place
between two and three centuries ago, and it is surprising to observe how closely
academic, technological, political and commercial factors weretwiaed at that time.
Events in the 20century have resulted in many, mdaeniliar but closely related
developments, partly as a result of a comparable mix of factors. Several of the latter
developments have led to our néatal dependence upon accurate time measurement

for precision spatial data collection and mapping.

3.1.1 Optics

One early area of scientific research serves as an initial example of how many and

varied threads have emerged from such studies investigations into the behaviour of

light conducted in the late TZentury by Newton (1643727) and Huygens (1629

16% ) . Newtonds principal p udpwas puldighed dyntheo n  t
Royal Society of London in 1704. The Opt.]
on light as wavé's provided the foundation for subsequent understanding of

fundamental ofical phenomena, including the first detailed accounts of reflection,
refraction and the concept of light as waves. The Opticks covered a wide range of topics
and applications, including analysis of lenses, prisms and telescomek which was

to becomeessential in the construction of high quality astronomical and surveying
instruments and which incidentally also led to the development offtiglsing

systems used in lighthouses from thé &8ntury onwards.

I n the case of | isgvork wassupemsededddyntise @evelopmiatwft o n
multi-prism lenses by the French scientist Augustin Fresnel (1888) in 1822,

based on an idea formulated originally by George de Buffon (1788). Fresnel

sought and achieved a design that concentratktiffigm a point source as a parallel

beam of light in the most efficient manner possible: 70+% efficiency as compared to

17% for earlier designs using parabolic mirrdtgy(re3-1)°.
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Figure 3-1 Example Fresnel lenses from de-commissioned Scottish lighthouses

A. 4th-order Fresnel lens B. Double Fresnel lens from Neist Point, Skye

the above lenses are now located in the Scotland Lighthouse Museum, Kinnaird Head, Fraserburgh.
http://www.lighthousemuseum.co.uk . The lenses shown include simple (b u | | § lenses,\dieptric lens
elements (prisms providing refraction of the light source) and catadioptric lens elements (prisms providing
refraction plus internal reflection of the light source).

3.1.1.1 A network of lights

A single lighthouse is of little use as a navigational aid for a long and complex

coastline. A network of powerful, distinctive lights, at key points all around the coast, is
needed. In the early f&entury the lack of official coastal lights, inadequate charts, the
dependence on sail power and the activiti
ships, especially in Scottish coastal watelrs one such incident, on Nember 11

1740, theSveciapa 6 00 t on, 127N armed merchant man
wrecked off North Ronaldsay in the Orkneys with a loss of 60 lives and a cargo with an
estimated value of £150,08250,008. This and similar wrecks in the area, and the

earlier Naval lossesf 1707 in the Scilly Isles (see further, Secti@r3.2.1and3.3.3.3

below) resulted in enormous efforts sponsored by shippers, insurers and ultimately,
governments, to diminish such risks. Achigyireal improvements was to take many
decadesAn indication of the seriousness of the problems facing commercial shipping at
the time is given by the figures for vessels lost in British watbysl800 the insurers,

Lloyds of London, estimated that on@swas lost or wrecked every day around

Britain.
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One part of the solution to these problems in Scotland was the creati@nNdithern
Lighthouse Board (NLB by an Act of Parliament in 1786. Initially the NLB was set up

to build four lighthouses, thie'st being at Kinnaird Head={gure3-2A) where the

Moray Firth reaches out to meet the North Sea, and another being at North Ronaldsay in
the Orkney¥® (Figure3-2B).

This initial commission subsequentdd to the construction of a network of lighthouses
around the Scottish coast, which continued thereafter for over a century. The NLB still
operates from its offices in Edinburgh and is responsible for 201 lights (all of which are
automated, with 84 actvlighthouses), 131 buoys, 41 unlit beacons, 22 radio beacons
and 4 DGPS statiofs

Similar work was undertaken, but commencing from an earlier date, around the

coastline of England and Wales under the supervision of Trinity House. One of the first
was he Eddystone Lighthouse, off the coast of Cornwall, which was built initially in

1698 and then rbuilt several times until Smeaton designed a granite tower which was
built between 1756 and 1759 (eventually 1
providedthe model for many subsequent constructions, including most of those off the
Scottish coast. Work on the famous Bishop Rock lighthouse, on the western edge of the
Scilly Isles, did not commence until 1847, partly due to the enormous difficulties
presentedby the site. Trinity House now manages fewer lighthouses than the NLB

(around 70), but many more buoys and a total of 7 DGPS reference stations.
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Figure 3-2 Original lighthouse buildings at Kinnaird Head and North Ronaldsay

A. Kinnaird Head lighthouse building: B. The North Ronaldsay lighthouse tower, now
originally a ruined castle i the lighthouse superseded by a modern structure i as with
tower at the top of the picture was built inside  Kinnaird Head, this lighthouse was originally lit
the castle walls; this structure post-dates the  using whale-oil lamps

first simple tower

Although initially static, flashing lights were subsequently introdétéd order to
generate distinctive flashing patterns (gMéghthouse has a documented pattern of
flashes that are unique within its own region) the lenses were rotated bgdatge
precision clockwork mechanisms mounted on low friction wheels or in mercury baths.
One may regard this latter development, tikat of mechanical semaphores, as a
forerunner of simple digital signalling systems such as the electric telegraph, and

ultimately, modern digital communications.

3.1.1.2 Optical analogies

Optical analogies based on the work of Newton and Huygens have been used

extensively by 28 century social scientists, notably Lésch and Warntz, in the analysis

of transport flows, optimal paths and location theory. A key idea behind such analyses
and much subsequent research has been Fel
1665), which states that a light ray between two fixed points will always take the

shortest path (time). Despite the great value of this principle, there are important

examples for which its use is inappropridte The subsequent gener:
principle by Maupertius (1698 759) as the #APrinciple of |
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foundation for analysislater in this study we examine such analogies and
developments of these ideas in greater detail. As we have seen from this small example,
early scientific researches have had an unexpectedly wide range of applications and

remain of direct relevance in the modern day.

3.2 17" and 18" Century foundations

Postrestoration England, from the reign of Charles Il onwards, was a time of great

politca,ec onomi ¢ and technol ogical <change. Th
Enlightenment o and towards the end of thi
political O6unionsdé early in this period

developments that waiscuss: the union of English and Dutch interests in 1688,

resulting from the invitation to William of Orange to take up the English throne in place

of his uncle, James II; the formal Union of England with Scotland in 1707, completed

with the ending of thdacobite Rebellion in 1746; and the union of Great Britain with
Hannovet* in Germany, from 1714, following the accession of George | to the English
throne. The contribution of each of thes:
Collectively they provided the political and economic framework within which

technical and commercial innovations could flourish. In a similar manner, international
political and trading alliances and associations in the modern day seek to encourage

trade and innovationyith varying degrees of success!

Key amongst the early technical and commercial innovations that did flourish were: the
building of lighthousegheproduction of accurate mapand thedevelopment of

improved instruments these were the three main compats of a systematic

programme to secure commercial and military advantage and power irf'toerit8ry.
Although not orchestrated by any one body these components provided a secure
foundation for the opening up of world trade and safe navigation. Weieaaach of

these areas in some detail in the Sections that follow. Often the analyses overlap, with
one development being predicated by another, but the overall picture and the driving
forces and key issues behind the developments become clearer floansamtalysis.

The moderrday equivalents could be regarded asiliéling of radio beacons and

DGPS stationstheproduction of high resolution digital and satellite maps and images
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and thedevelopment of improved (digital) instrumedsmputers, displys, location

devices, communication devices).

3.3 The production of accurate maps and instruments

3.3.1 Standardisation of distance measures

As noted above, if a network of lights was to provide the first part of the solution to
problems of coastal navigation, thecond part of the solution involved the production

of accurate and detailed charts. This required many technical developments before
satisfactory results could be achieved. Although formal national surveying programmes
using triangulation began in Frantem 1668, it was not until improved optics and

high quality brass equipment became available in thetodiate 1700s, and standard
measures of length became accepted Tade3-1), that geodetic surveys really
commenced in eaesti from 1762 in Denmark, 1785 in the USA, 1788 in Portugal,

1791 in Englant and 1798 in Holland.

Prior to the standardisation of distance measurements (yard and metre) measurements
were based on human characteristics: the digit, the hand (stilfarstbe height of

horses and now specified as 4 inches), the span, the foot, the cubit (elbow to fingertips)
and the pace. Because such measures varied substantially, even within individual
countries, throughout history attempts at standardisation wereimesdially by

declaring that a particular strip of wood (e.g. yardstick) or inscribed lines on a particular
stone or metal bar defined the official measure of the government of the time and place

concerned.

Throughout the 18century and well into th&9" century, efforts continued to produce

a definitive standard length that was invariant over time, suitable for accurate division,
unaffected by location (but which allowed for temperature variation), and was
acceptable and allowed for comparisons ma¢ionally. Physical metal bars competed
with the pendulum (with compensation) for this hort§usut eventually the physical
measures were adopted as the basis for the Imperial and¥ggstems in the

British case this was despite the loss of thec@ffiimperial Standard Yard in 1834

when the House of Commons was accidentally burnt down whilst the old Treasury

6t al | {Pwesetbeiny Hestioyed.
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Table 3-1 Standardisation of distance measures

Description

Definition

Origins

Al mperi al
Foot/Yard/Chain/
Furlong/Mile/League

Foot: an English foot was (and is) 12 inches. In the late 18t
century there were other meas
from 11.172 English inches for the Amsterdam Foot, to 12.465
English inches for the Danish Great Foot. 3 to the yard in all
cases.

Pace (passus): 5 feet (actually a double pace of 30 inches/step)
Ell: widely used throughout Europe, a Scots Ell was 37 inches,
an English Ell was 45 inches (often used for fabric)

Yard: Originally the yard was based on the word girth or girdle, a
waist measurement. An initial standard yard was defined in
Elizabethan times (1588), bas
Edward |

Fathom: 6 feet or 2 yards (roughly the same as a French toise)
Chain: 22 yards, made from 100 links (for surveying). Note: 10
chains x 1 chain = 1 acre; a Scots chain=24 ell or 74 feet, thus a

Scots acre was larger than an English acrel®

Furlong: 220 yards (a furrow long) i probably related to the
Roman measurement, the Stadion

Mile (English/British): 5280 feet (8 furlongs) i defined in 1595
A mile had previously been taken as the Roman mile (literally
1000 O6mille passusd or doubl e
69%2miles ° one degree in Britain

Mile (Scottish): Stated by some authors as 50 to one degree, or
20 sea leagues, but officially defined in Scottish Statute as 1184
paces or 5920 feet.

Mile (Geometric/Italian): 2038.6 yards, or one minute of arc of
longitude taken at the equator (60 geometrical miles= one
degree)

League (English): 3 Geometrical miles

1742: Yard standardised in England by the Royal Society. In
1737 Graham and Sisson made and divided two standard yards
for London and Pari s, one of
main reference measure

1832: there was no legal length standard in the U.S. until this
date when a bronze yard was purchased from England to act as
the standard

1844: New yard standard bar cast in bronze and defined as the
Imperial Standard in 1878. By 1958 this bar had shrunk by
0.0000055metres

1856: Imperial standards finalised

u

€

W

Roman

Saxon/
Elizabethan

Roman/
Elizabethan

Scottish

Italian

Metric measures
Metre/Meter

1791: 1/10,000,000t of the quarter circumference of the Earth,
measured from equator to pole, through Dunkirk

1798: on completion of surveying (from Dunkirk to Mont-Jouy
near Barcelona in Spain, roughly 10 due South), a standard
metre in the form of three platinum bars and several iron bars
were prepared and defined the world standard 'Métre des
Archives'.

1863: International Metric Convention

1960: redefined as "the length equal to 1,650,763.73
wavelengths in a vacuum of the radiation ... of krypton-86."
1983: redefined as "the length of the path travelled by light in a
vacuum during a time interval of 1/299,792,458 of a second".
One metre is equal to 3.28083333 US Survey feet

French
National
Assembly

Nautical mile

1 minute of arc of a great circle, or 6080 feet (British Admiralty
mile, equals 1.1515... times an English Mile or 1852 metres).
Latitude values are not constant due to ellipsoidal shape of Earth
(varies by approx 18.7m between equator and pole). This is
sometimes referred to as a Geographic Nautical Mile. The
International Nautical Mile was defined as being exactly 1852
metres in 1929. The International Air Mile is marginally smaller,
at 1.1508 English miles or 6076.1155 feet
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3.3.2 Accurate surveying i measurement replaces descriptions?°

In late September 1746, after losing the Battle of Culloden and following a period of
several months asfugitive from the English, Charles Edward Stuart managed to

escape from Lochnanuagtio St Malo in Northern France. Despite extensive efforts

and several near misses, the English (Hannoverian) Royal fleet had failed to capture the
leader of the Jacobitebellion. Their failure was due, in substantial measure, to a lack

of accurate coastal maps or descriptions of the many inlets, islands, rocks and currents
in the Inner and Outer Hebrides. It was quickly appreciated that this problem needed

urgent attenan.

Accurate land and marine surveying of the Scottish mainland and the Western Isles (the
Hebrides) was deemed essential and would be a major change from previous descriptive
accounts and unscientifically derived maps of the region. Cartographers froanRo

ti mes onwards | argely relied on O6topogr a
and previously drawn (often erroneous) maps, which in general did not provide accurate
distance, area or location data, nor any soundings, tidal information oeautviocal

currents.

By examining early maps and written sources covering the Hebrides we can obtain a

first impression of the scale and nature of these problems, since these drove the changes
that were to lead to the first accurate coastalmapsaddegsi ( 6 pi | o2sd) i n
The earliest documented survey of the Hebrides was that of Dean Donald Munro, in

1549. He provided brief, but systematic descriptions of many of the islands. The

following extract gives a flavour of the’sSe

NnSi xt e e rhwanird tie llenodbColl lyis ane lle callit Rum, ane lle of
16 mile lang, 6 mile braid, in the nearest ane forrest full of heich montanes
0

Such descriptions were of little help to woudd cartographers or navigators.

Furthermore, itisclearthatdst ances quoted are the authao
journeys and local accounts, rather than measurements. References to miles are most
probably approximate Scottish mitésather than the shorter, English miles. And

finally, it is important to beain mind that to a very large extent there were no roads or
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even stone laidnfetalled tracks in the Hebrides until quite modern tindsavel was
almost entirely by boat or on foot, with some use of small horsesh@ed). Theime

to reach a destinain (by foot, pony or boat) was a more meaningful measure of
distance than simple distances in mileauch as it is for many todaydistance,
together with information on available transport facilities, provides a crude guide to

travel time.

The first widely available printed description of the area dates from 1703 and is the
work of Martin Martirt®1 his text is very poorly structured and the topographical
descriptions are often weak, leaving those travellers who used his book at the time
(notably James @&well and Dr Samuel Johnson) deeply critical of the contents. The
original printings of his book do, however, includé&New MAP of t he
describing the Harbours, Anchoring Places and Dangerous Rocks for the benefit of
s ai | e rvdth 4 ssaie shjeroin both Scottish and English mildsigure3-3) and a
grid showing latitude and longitude, although the latter are clearly incorrect. Neither

Munro nor Martin provides any estimates of the areas or heights for the #§|amibs

Wh o

very little usable information is given regarding safe harbours or sea routes. Examining

Martinds map @aableB-2itib ardlly sugprisingghat the English were

outwitted by the local Scots and their French allie$745/6.

Table 3-2 Recorded Sizes of Hebridean Islands i 1549-2001

Source | David Munro John Speed Martin Martin (OF
1549 (text) 1662 (map) 1703 (text) 2001 (maps)
Island Scottish miles? Scottish miles English miles? English miles
Arran 24x16 (Aran) 20x10 (Arren) 24x7 20x10 (max 11)
Bute 8x4 10x3 10x? 15x3 (max 3)
Mull 24x24 (Mule) 20x20 (Mula) 24x24 28x30
Rhum 16x6 (Rum) 6x6 (Rum) 5x3 8x8
Skye 42x8 (widest 12) (Sky) 58x15-20 40x20-30 48x41 (max 25)
Harris 2 (Horay) 18 13
Harris & 60x16 (Horay & Leozus) | 65x50 (Lewys) 100x10-12 65 (SW-NE) x
Lewis 28 (SE-NW)
Lewis b (Leozus) 36 x 10-12 48 x 26
Barra 7x4 10x7 (Barray) 5x3 8x5
S Uist 34x6 incl. N & S Uist & 21x3 (widest 4) 21x7 (max 8)
Benbecula
N Uist (Vyist) 15x20 (Eust) 9x? 13 (max) x 17
(max)
Benbecula | (Vyist) 3x3 6Xx6

a Hushinish to Loch Seaforth; ? Butt of Lewis to Hushinish
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3.3.2.1  Murdoch Mackenzie Snr
The Orcadian surveyor, Murdoch Mackengl7121797) was to become perhape

principal figure in the development of accurate coastal chartirntgydrography Today
his name is to be found in very few record books or treatises, yet his influence and the

influence of members of his family, wasnsiderable.

In a highly critical commentary on coastal maps that had been produced prior to his own

work?’ Mackenzie noted:

filn these Charts, as al l the Distance:

l ine, or the Shi pbs Tfordhe efluenee,of Tidast h o ut

and Currents; and the Courses, for the most part, deduced by the Reckoning,
or sometimes taken at Sea by a Compass; great Exactness is not to be
expected: and as the Scale is very small, no striking Resemblance of any Part
of the Coast can be expressed in the Draught, to point out with certainty
where Shoals or Harbours |lie. o

Mackenzie achieved his own success by applying and developing a methodology

reputedly laid out by Professor Colin Macladfiand descr i bedrsti n Mac

work, the four year programme (1#4448) to produce a hydrographic survey of the
coastline of the Orkney IslardsThis was a private commercial enterprise, for which

subscriptions had to be raised. The map shovigare3-4 has been located in the

p
[

Orkney Archive by the present author, whi
|l slando in handwritten script in the Arcl
the prospectus material that Mackenzie used in prombtsigenture. A copy of the
original prospectus text, entitled AProp
Ssubscription the Orkney I slandso, has r e
Bodl ei ano], Oxford.
The text in the top right hand cornertbé map reads:

AHow very serviceable 1t would be to

Europe to have the Orkneys rightly navigate, will be obvious, from their
Situation, to all acquainted with mercantile Business: and will also appear
from the vast umber of Shipwrecks that happen there. On this small Island

of N. Ronaldsha alone, about twenty British and Dutch vessels have been lost
within the last 30 or 40 years many of them with very Valuable Cargoes,
besides a much greater number on other Pafrthat Coast; most of which
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might have been prevented by such a Chart of these Islands as is here
proposed. O

Figure 3-4Nort h Ronal dsay AProspectusodo map, cC.

This engraved printed map, which has not previously been recorded, was produced by Mackenzie as an
illustration of the kind of work he would be producing i photographed by the author, courtesy of the
Orkney Archive, Kirkwall

A little further down the chart is the text:

nOn t hi sSvaciad &attenbulgefrom Bengall, perished, Nbx40
and most of her Cargoe [sic] drove on

and at the foot of the chart:

AN. B. The Latitude, Variati on, FI owi n
Soundingsandsome Shdad [ si c] , are purposely omi

Mackenzieds Orkney maps were published a:
3 of Lewis in the Hebrides) in May 1750, with Kirkwall in the Orkneys taken as the
meridian rather than GreenwithFor this work he wamaned a theodolite, plane table

and survey chain by the Royal Navy, but evidence from his ownWattén notes in

the Orkney Archives suggest he may also have possessed a portable Hadley®uadrant
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(Figure3-5A) , a 0 p e(whaaled mdasute)aand@ther measuring and drawing

apparatus.

Figure 3-5 Hadley quadrant (octant) and Sisson theodolite

A. Hadley quadrant (octant) made of ebony B. Early theodolite by J Sisson, c. 1737
Photographs © National Maritime Museum, Greenwich

For the main island of the group where he began his survey he erected beacons on the
hilltops for his triangulation stations. He then used his theo&litdich may have

been similar in design to thatahin in Figure3-5B33, to measure horizontal angles

between the various stations. Theodolites with telescopic sights appear to have been
invented by Sisson in London in ¢.1720, perhaps based on earlier French instruments of
a similarnature. In a publication dated 1737 (the same year as the instrument shown in
Figure3-5B was produced), John Gray of Glasgow published an acéeuntt i t | ed @
ArtofLandMe asur i ng Expl ainedo. | n yshppasse wor k,
Mackenzie had studied, he states that the best results obtainable from a theodolite at the
time were 1Qof arc, whilst Sisson claimed an accuracy pfSince an error of 1 degree

is around 92 feet at one mile, this is equivalent to a thedretica of around 9+ feet

for a single measurement over a measured mile. Of course, these figures only relate to
observations on land, having achieved a near perfect levelling of the instrument used

observations taken from offshore would be far lesalnédi
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In order to provide a scale for the Orcades survey Mackenzie had to measure a base line
and then connect it to the triangulation survey. The site he chose was on the North West
branch of the Loch of Stenhousgténness very <c¢l ose tanmelMackenz:

~

Ai... catching the Opportunity of a vel
lce in a straight Line, extending frol
and Hara, to Broggar near the norost Bridge, and Lines or Ropes

stretched on the Ice fro Pole to Pole, along which was carefully measured,

withanlronChai n, the Distance of three Mi/l
Murdoch Mackenzie, in the Preface to his Orcades All@as0

By this method Mackenzie obtained a long and accurate baseline fromhehociuld

extend the coast and land detail. This he achieved by chaining for measurement of
selected pointo-point distances, by angular measurements using his theodolite and
when offshore, employing his quadrant, by sketching, and finally by usinghesddr
depth measurement. Most depth measurements he took were derived from one or two
passes by boat, although occasionally in very complex or rocky areas more detailed
soundings were taken. It was not until his invention of the Station PBi(fagure 3-6)

late in the 18 century that hydrographic maps became more extensively populated with
depth information. The quality of his Orkney maps were also greatly aided by his
personal local knowledge of the islands and the facthdiad both the funding and the

time to carry out the task with great care.

Mackenzie was undoubtedly aware of the problem of cumulative errors and stated that
he chose his procedures to minimise such effects. However, his work precedes the
development bformal procedures to minimise and correct for systematic and random
errors- indeed an understanding of such errors and their treatment was not well
established for a further 50 years or more (see further, Se8tiband5.1.3. His

coastal maps remained in use for almost for a century, when the Admiralty conducted a
new and thorough hydrographic surtfeyf the Western Isles over the period 1846

1863.
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Figure 3-6 Station pointer - mid 19th century

Private collection. This example is by Cary, London and was designed for use by the Hydrographic Office.
The three pointer arms each extend to approximately 6ft

Foll owing t he Navyiads745é6nabhdaimpressedsy is@rkidiep i | u r
charts, Mackenzie was asked by the Admiralty to make an accurate series of maps of the
coastal waters of the Hebrides and Western Scotland (commissioned in 1751, completed
in 1757¥7. He was subsequently commissiotedanap much of the west coast of

England and Wales as far as the Bristol Channel, together with the coast of Ireland. The
main charts, which are in a very large format, were published privately in 1775/6. It is
interesting to speculate as to why there siash a long gap between the surveys and the
general publication of the charts. Whilst there were issues of available time and

resources to undertake such publication, it seems probable that initially copies were

provided solely for Admiralty use.

In orderto map the Outer Hebrides Mackenzie measured his main baseline of over 3
miles on a stretch of beach at low tide, at Guil, between the islands of Benbecula and
South Uist. His maps focus on the coastlines, charting depths in fathoms and including
notes @ unusual tides and currents. His primary objective was to determine safe

passages and guidance for sailors. However, he does not appear to have applied as
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rigorous standards and procedures for the Hebrides and subsequent surveys as he did for
the Orkneysvork i his maps of the latter are remarkably close to those of the present

day, whilst the former show many disparities, especially with respect to the overall

shape and size of some of the islands (e.g. Skye, Islay and Arran). We suspect that lack
of locd knowledge and limitations of finance and time played a considerable part in

these inaccuracies, although the gross underestimate of the size of Arran (almost 40%)

and the adjacent Mull of Kintyre (c.25%) is not readily explainable.

The individual mapsra mostly to a scale of 1 inch to 1 English Miland include an
indication of latitude and identification of both true and magnetic Northowever,

given that the maps were surveyed some 20 years before they were published, and
assuming the change innation was similar to the present day in this region (8
minutes/year), the compass bearings may have been as much as 3 degrees out. The
individual maps (as opposed to the overview maps) do not show longitude around the
perimeters. The maps are orientedrtagnetic north and do not appear to have been
produced to an underlying projection as no grid is shown or described. A pencil grid of
squares (2x2 nautical miles) can be seen on some of the originadifzama map$
presumably, these marks were madeityer Admiralty staff or the engraver when
copying the drawings. No baselines or triangulation lines are shown on the originals or

on copies and no manuscript notes are known to exist.

Mackenzie also published a commpamnionrs ov avihi
provides much additional information about the coastlines, surveying methods,
astronomical observations, currents and tides etc. From this we know, for example, that

he possessed a 12" Quadrant made by John Bird, which he used to measies it

selected locations. For example, Dunvegan Castle, on the Isle of Skye, was measured on
the 8" of May 1753 as 57°21" North (he does not provide the longitutie)true

position is 57°26° North and 6°35” West.
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Figure 3-7 Current and Mackenzie maps of Loch Ewe and Loch Broom

coastline

A. Mackenzie chart (1776)

Section of Chart XXVII

ot sl i R R - . = Orientation is to magnetic north at
i » the time

Chart area covered is part of the
Northwest mainland coast of
Scotland.

B. OS Digimap chart (2002)
Orientation is to true north

Trace of Mackenzie chart (above)
overlaid in black i a closer match
to the current map has been
achieved by rotation of the
Mackenzie chart by .19

Without accurate instruments thaduld be used speedily, nor the benefit of aerial
surveys, magmakers and hydrographers like Mackenzie were unable to fix many of the
points and base lines of their triangulations to a sufficient precision and had difficulty
managing errors. Their chart®re thus far from perfect by modern standards, but
nonetheless, a major improvement upon previous efforts. This is exemplified by a
comparison between a {sgaled) current chdftand the equivalent map produced by
Mackenzie in 1776Kigure3-7A and B). The original (hand drawn) map by Mackenzie
includes a latitude line at 58°12"N, although this does not appear on the printed version

I this reading is very close to the correct value.
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From close examination of bothaic k e nzi eds printed and or i (
publications and contemporary accounts, we may summarise the major sources of errors

and inaccuracies in his charts as follows:

(i) instrumentrelated errorsi errors in angular, distance and level
measurement exisue to the limitations of the available instruments. These
are significant but, by themselves, do not account for the most obvious errors
in the charts produced.

(i) methodological error$ despite his subsequent written accounts it seems
clear that Mackenzieid not use a sufficient number of baselines, nor did he
apply systematic triangulation and linkage of his various surveys, resulting
in substantive errors in the final charts. The practical problems of extending
triangulations over large expanses of opatewmust have been a major
contributory factor to the scaling and related errors in several of the final
maps. It seems certain that multiple independent measurements were not
taken, nor any systematic checking/correcting procedures applied. We
suspect thse were the main factors explaining gross errors, such as that of
Arrands si ze.

(i)  commercial and time considerationshere are few details available relating
to payments to Mackenzie for the surveys of the west coast, but most were
completed over a muclnarter period than the pfended Orcades work.

There was almost certainly pressure from the Admiralty to provide improved
maps at the earliest opportunity, and finite funds provided to achieve these
aims frequently coupled with much delayed payment feshrvices. These
restrictions would have limited the extent to which bays, inlets, rocky
outcrops and ledges could be investigated, mapped and checked.

(iv)  production errors the original hand drawn maps differ from the engraved
and printed versions in deltaivording, page make up, paper quality,
orientation and in some cases, size. In most instances these differences are
not substantive, nor has the elapse of over 200 years resulted in major
distortions to the originals.

(v) publication errorsi the delay in fil publication of the maps, amounting to
almost 20 years, may have contributed to some errors. It is possible that

some of the notes and measurements taken during the surveys were lost or
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not available at the time of preparing the plates, but there igidenee to
confirm or refute this. Similarly, there is no evidence that the published

maps were altered deliberately (e.g. at the request of the Admiralty).

From this summary we may conclude that the major errors in the charts were primarily
due to methodlogical and related commercial issues, such as time and cost of
surveying, rather than intrinsic limitations of instruments or production processes.
Given sufficient time, funds and attention to detail, significantly better maps could have

been producedt ghe time.

Mackenzie was elected as a Fellow of the Royal Sd€ietyl 774, with his sponsors
including Sir Joseph Banks. Following the publication of his charts and books (1774
1776) he moved from London to Minehead in Somerset, to live with his ngjalsw

called Murdoch Mackenzie). His legacy was then continued under the guidance of his
nephew, and subsequently their cousin, Graeme Spence. He died in 1797 at the age of
85 and is buried in Minehead. In 1795 the UK Hydrographic Office was establistied a

remains based in Somerset, at Taunton.

Mackenzieds methods were of | ess use if
Shipbébs captains continued to rely on the
log lines, and cannon fire when chaginew territories in the Southern Oceans. Indeed
Dalrymple* wrote in 1771, p.13:

ABut the best method of measuring di si

He then goes on to state that sound travels at 1142 English feet in a second, gnd that b
using a clock with a %2 second pendulum (of length 9.8 inches) each stroke will be equal
to 571 feet. In fact this method, although used in some instances, is of limited use for
accurate surveying since (a) the speed of sound in air varies with temgeiratur

around 1087 feet/sec at 0°C to 1167 feet/sec at 40°C; (b) the minimum observable
distance would be 571 feet (by his calculation); and (c) it relies on accuracy of both the

time measurement and observation of the pendulum swing.
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Ma c k e n z i emapss ared gusdestwaré to be the Naval equivalents of the Board of
Ordnanceb6s surveys on |l and (also commi ss.i
Duke of Cumberland, and supervised by another and more famous Scot, William

Roy*). The latter were therpcursors of the first Ordnance Survey maps, but work on

these in Scotland was ended in 1756 due to more pressing military requirements in the

6coloniesd (notably in No%“hahnotddmer i ca and
Nné perhaps t he moaathe OrdnancesSurveywasthasair v ey |
Scotl and undertaken between 1747 and
yards é from contemporary accounts it
aftermath of the 1745 rebellion. o

An indication of the measurement diffitiels that remained, even as late as 1783, lay in

a known discrepancy between the recorded positions of the Greenwich and Paris
observatorie$ amounting to 11 seconds of longitude and 15 seconds of latitude (1
second is around 1 @dsothe @servedmerrots were sabatantiah 6 s
i around 1 in 1000). To help resolve this error, in 1784 the Royal Society arranged for a
Trigonometrical Survey to be carried out under the guidance of Negoeral William

Roy, using a specially built largeh(ee foot) theodolite (made by Ramsden) and 18 foot
glass measuring rotfsat Hounslow Heath. This work wascbecked and completed

under the supervision of William Mudtfén 1791 and provided the foundation for the

first maps of the Ordnance Survey, whiovered Kent, and which were prepared under
Mudgeds gui danc e® IhFrance, alreated programvee ofdverk was
undertaken using their preferred instrument, the Borda Repeating Circle (a development
of an earlier design by Tobias Ma§®r Neelless to say, even after the most prolonged
and careful measurements of the day, the two nations disagreed on the results and the

relative merits of their instruments and techniques!

The French team and their successors under the Revolutionary Coulrssid gheir

new tools and techniques to extend the survey data to cover an arc from Dunkirk in the
North, past Paris and on to Carcasonne in the South, terminating near Barcelona in
Spain. This arc, which took the two main surveyors seven years to cer(iiétt

1798), formed the basis for the definition of the metre as one ten millionth of a quarter

circumference of the earth.
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At around the same time, having read Roy
and Scotland, William Lambton left Canadactonmence the survey that was to

become the AGreat Trigonometrical Survey
theodolite. This work, which took place over some 50 years, superseded earlier survey
work in Southeast India by Capt (later Col.) Colin Maki€!, and was substantially

completed by Sir George Everest (after whom the peak is 13med

3.3.3 Pendulums, clocks and precision instruments

The third key element of the programme to improve navigation was the development of
precision instruments for measugidistances, angles and location. Some of these
developments have been touched upon in previous subsections, but the role of accurate
time measurement and the unexpected consequences of such development, warrants

special attention.

The production of higlguality instruments for surveying owes much to the

development of precision timepieces. This commenced with the construction of the first
pendulum clock by Salomon Coster under licence and supervision of its inventor, the
Dutch scientist Christian Huygena December 1656, and the invention of the anchor

or recoil escapment (attributed to Robert Hooke, ¢.1671). In 1657, Ahasuerus
Fromanteel, a leading clockmaker in London, sent his son Johannes to work with Coster
and learn about the new invention. Jotesreturned in May 1658 and by October that
year the first Fromanteel pendulum clock was ready for sale. At this time there were
growing ties between the English and Dutch nations, despite a series efcahall

conflicts and intense competition betweba East India Company (of London) and the

Dutch East India Company.

James |l succeeded to the English throne in 1685 following the death of his brother, the
liberal and Protestant Charles Il. The succession of th€atlolic James was
extremelyunpopalr and very soon the political an
the Netherlands became apparent to many. This culminated in 1688 with an invitation

by members of the English Parliament to the Dutch prince, William of Orange (a
Protestant), to deposames and become the English Monarch in his place. William was

the son of Mary Stuart, the daughter of Charles I, whilst his English wife, Mary, was the

eldest daughter of James Il. The political union that resulted had major commercial
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benefits to Englandt provided a period of political stability between the two nations
lasting several decades; it reduced the intense competition between Dutch and English
commercial operations at that time; it enabled London to establish financial and trading
institutions, notably banking structures and a stock exchange, based on the Dutch
models; and it stimulated the sharing of commercial and technical developments

between the two countries.

3.3.3.1 Therole of the pendulum

In developing the pendulum clock, Huygens had prodaceelegant formula for the
relationship between the time peridd,of one complete swing (i.e. to and fro) of a

6si mpl ed pen duwhdgrayitational forcdyas:n gt h ,

T =QqL2g)

If the formula is used to describe a sgariod, which is the common usage, the factor
2 is dropped.

This formula is an approximation to observed valuegfan that it does not specify:
the materials from which the pendulum is to bedenaor their distribution along the
pendulum length (see further, Sectma.4; the temperature or pressure conditions;
friction considerations; angle of swing and circular error; connection to the clock
mechanism; physical ation of the clock or true verticality of the pendulum; all of

which affect the periodicity and performance of reakld pendulum clocks.

Huygensd formula also assumes that gravii
is the case theh will be constant for given pendulum lendthThis observation led to

an early suggestion that a global standard of length measurement could be based on the
lengthL that corresponded to a seperiod of one second of time (easily crobecked

by astronomical akervation). Rewriting the above expression we have:

L=g(T/ 2"

Thus, ifg = a constant, say = 32.18feet/sec/sec antE1, then we find. = 3.26 feet

(almost exactly a modern metre, being 0.994m).
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In 1672/3 a ship was dispatched to the Island of Cayenne (in French Guiana) by the
Académie des Sciences to doict a number of astronomical observations and to test
whetherg = a constant was a correct assumption throughout the world. A key element
of this work involved careful measurement of the length of a sedoeating

pendulum. It was found that the pendulalock in Cayenne lost 2.5 minutes/day as
compared with Paris. The pendulum length required to produce goseimi of one
second was slightly less than at Paris (which is approximatefaber north) by
approximately 0.32%. Huygens and Newton botjuad that the only way this could be
explainedwas ifj,t he gravitati onal 6constanto var.i
Earth (like some of the known planets) was thus not a perfect sphere but slightly
flattened at the poles and bulging at theagdqy due to centrifugal forcésin his

Principia Mathematicgpublished in 1687) Newton estimated this flattening effect to be
1/230 (1/298 is the currently accepted figure). This results in gravity being slightly

greater at the poles than the equator.

Despite this idea being controversial at the time, notably in France where the shape of
the earth was believed to be a prolate ellipsoid (more pointed at the poles), it is of
course the correct interpretation of the results. In fact on average a sbeatidg
pendulum is 38long at the equator and 39.204 the poles. The resolution of this
problem led to yet another application of the pendulum, that of measuring gravitational
variation, by applying the above formula once more but this time with d legth,L,

of pendulum and independently measured pefiod,

In a paper of 1740 on Tides, Macladfiproved that an oblate spheroid (ellipsoid of
revolution) was the equilibrium shape for a body (fluid) of constant density under

angular rotation. Thisofm is encapsulated today in a world standdheg 1984 World

Geodetic System ellipsoid (WGS!) which is defined as: Flattening (ellipticity):

1/298.257 (roughly 0.335%) and Semimajor axis: 6,378,137m. This is the basic model

of the Earthésedsbhppeodapdsi 6l obal Positi
applied in its simplest forms this model has limitations at the continental level due to

plate tectonic considerations and global asymmetries (e.g. the South Pole is slightly

flatter and closer to thequator than the North Pole; the surface of the earth varies in

height slightly during the course of each year).
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Heights with respect to mean sea level are now calculated with respect to a second form,
the Geoid, which is an adjusted version of thestlid taking into account gravitational
variation to give an equipotential surfateéhat coincides approximately with mean sea

level. The Geoid is irregular, being higher over continents and lower over oceans, and is
defined by accurate measurement rathan an analytic mathematical modeigure

3-8). In the UK the Geoid is typically 480 metres above the world GPS reference

ellipsoid.

The maximum deviation from the ellipsoid is +73 metres (in New Guinea)léad

metres (off he coast of South India). The surface of the Geoid is orthogonal to the
direction of gravity rather than the ellipsoid. Early astronomers, instrument makers and
surveyors were aware of this problem (e.g. when using plumb lines, setting up
pendulum clocksand attempted to adjust for it. The deviation of plumb lines from the
Overtical 6 is due to the variable densit
known assostasywas first described and analysed in detail following Lambton and

Ev er e saysosInds,uvhiegh commenced in the early 1800s.

Figure 3-8 WGS-84 Geoid heights (metres), 10 degree intervals
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Heights are shown in metres above or below the reference ellipsoid. Map generated from dataset provided
by US Department of Defense GPS UE database, 12 Jan 1987

Despite the above concerns, in th& afid 18' centuries it was sufficient to assume the

Earth was spherical for most practical purposes and to focus on finding location
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accurately (latude and longitude). A fuller discussion of this question is provided in

Section4.2.4.6 Spherical and terrestrial metrics

3.3.3.2 Clocks and precision instruments

In 1666, a few years after the foundatidrinee Royal Society in London, the Secretary,

Robert Hooke gave a presentation to the members outlining his ideas for an instrument
he described as an O6Equatori al Quadrant o
addition to the main telescope and dreat structures his designs included a

micrometer for precise angular adjustment, a bubble level and a clockwork tracking
mechanisi?f. These were new and untested ideas, but included components which were
fundamental for the subsequent development of atewsurveying equipment. Shortly
afterwards two clocks each with a 13 foot (2 second) pendulum and an equatorial
guadrant based on Hookeds design were coOl
Astronomer Royal, John Flamsteed. These are still on viewlila mst eed 6s hou:

location of the Greenwich Meridiah

The Astronomer Royal had been commissioned, in 1675 to:

6é apply himself with the most exact
Tables of the Motions of the Heavens and the Places of ted Btars, in

order to find out the so much desired Longitude at Sea, for the perfecting the

Art of Navigation. o

The Tompion clocks built for the observatory were extremely large, specialist items of
equipment. However, one conventionally sized longchsxk dy Tompion, N0.483,

dating from 1708/1709, is now thought by some to be the earliest complete example of
the deadbeat escapme&nihis deadbeat or nenecoil escapment{gure3-9),

sometimes called the Graham escapmentaditionally attributed to George Grahzin

This attribution is based on its inclusion in a clock made by Graham in 1715. Its
development is probably one of the two most important factors in improving the
performance (accuracy) of pendulum clocks from #myel 8" century onwards (the

other being temperature compensation). The Tompion clock No.483 includes an hour
wheel with 288 teeth, and is a moighing regulator with a brass rod pendulum and

bobi as such it is one of the earliest examples of truagoecengineering.
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Figure 3-9 Deadbeat escapment i example from a Regulator by James Richie

This 8-day regulator movement, dating
from around 1840, incorporates a simple
deadbeat escapment with jewelled
pallets to reduce friction and wear. The
Escape wheel has 30 teeth and thus
rotates twice every minute powered by a
one second mercury-compensated
(Graham) pendulum. As with all early
pendulum clocks this example is weight
driven and incorpor
maintaining power mechanism (based on
springs) i the latter ensures that power
is maintained to the movement (and thus
no time is lost) whilst the clock is being

wound

The deadbeat escapment and month duration required a very high degree of accuracy in

wheel cutting, which in turn required very accurate division of the circle. These

requirements of clock making were a {peguisite for accurate determination of angular

measurements, and thus triangulation. They led to the production of special tdols, suc

as linear dividers, wheelutting engines and circle dividé?swhich were to become a

key factor
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His measurements proved conclusively that the earth was oblate (flattenegalet)
rather than prolate. Grahambs zenith sec!l
Bird in 1762 for the surveyeaistronomers Mason and Dixon, enabling them to

accurately determine the line that was subsequently to bear theirfhames

Relatedportable measurement devices such as the sextant (originally developed by

Bird) and theodolite, drew upon these technological advances in astronomy and

horology. One of the main methods for ensuring accuracy of these instruments at the

time (especially thge requiring highly accurate angular scales) was to make them as

large and solid as possikilghis inevitably caused problems of portability, as was
evident with Harrisondés first chronomet el
angular measurement contad to be a major problem, especially for larger scale

surveys whilst an angular error of one minute of arc only amounts to one inch at 100
yards, it is over a mile when measuring
late as 1774 MackenZfenoted that the Vernier scales on theodolites were often

graduated to only 4 or 5 minutes of arc, and wherever possible he recommended the use
the more portable and (at that time) more precisely divided sextant for use in
hydrographical work. The Londoninstne nt maker , Troughton, i
sextant design and patented some of these improvements in 1788. An example with
very fine angular divisions, incdran@eor at i |
construction and Vernier magnifier is illustedtin Figure3-10:

Figure 3-10 Sextant, by Troughton, ¢.1810
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Precision mechanical instruments such as sextants and theodolites, and ultimately

marine chronometers, available at asenable price, required materials of consistent
specification and accurate machine tools as well as fine engineering skills. To meet this
demand major improvements in the purity and consistency of metal alloys were taking
place. These alloys included tbepper/zinc mix used to make brass (see furifedsle

33) and the production of roll edltdalyass sh
battered to produce a flat surface). Rolled sheets became the normal form ofgsate br

from 1750 onwards.

Table 3-3 Metal alloys used in scientific instruments

Metal alloy | Constituent mix (approx.) Notes
Brass Copper 70%, Zinc 30% 16.5 seconds/day rate change for 20 C temperature
change, for a one second pendulum.
Copper 62%-66%, Zinc Some Brass contains small amounts of lead. The two
34%-38% alloy mixes quoted reflect the two main types of Brass

used, but is not exhaustive

Naval brass | Copper 60%, Zinc 40%, Tin
T trace

Bronze Copper 75%, Zinc 20%, Tin | very variable mixes over time
3%, Lead 2%

Gun metal Copper 88% (83.5%-90%), Typically described as a family of Copper-tin alloys
Tin 10% (9%-13%), Zinc 2%
(0%-2%)

Bell metal Copper 70%, Tin 30% When used in Bell-making, usually 80% Copper 20%
Tin. Also used to make lower cost/quality scientific
instruments.

Invar 35.6% Nickel, 64.4% Iron Invented in 1890 by C-E Guillaume (1861-1938). An

alloy with negligible coefficient of expansion, used for
pendulum rods: 0.4s/day rate change for 20 C
temperature change. Replaced Platinum for standard
metres. Used for surveying tapes, wires and rods from
1906 and for the 20.9 mile baseline measured in the
USAin1922-3 f or Michael sondés a
measurement of the speed of light. Quality deteriorates
with use and over time.

As we have seen, the development of highly accurate and affordable clocks and watches
provided just the skills and materials required for the production of precision
measurement devices. However, scientific endeavour didn®ot provide the driving

force behind the developments that led to the solution of the central problems of
surveying, mapping and navigatiorthese were driven by military needs, marine

disasters, commercial pressures and substantial financial reaands,shall see in the

next two subsections.
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3.3.3.3 Theloss of the Association

In late October 1707 a fleet of 15 English warships and 6 accompanying vessels
returned to England from Gibraltar (following battles with the French fleet at Toulon)
under the Admial and Commanden-Chief of the fleet, Sir Cloudesley Sho¥éllFour

of these ships, including the valuabl e

lost at sea on the Gilstone (Guilstone) rocks off the Scilly Isles.

Several other ships were smrsly damaged. This was the result of serious navigational
errors in foggy, dark and stormy conditibfigs a contemporary but little known

account reveat&

AAbt. one or t wd22§gf tOctmoonSian CG.he a23 o6

examd ye Masters Wwat. they were in; all agreed to be in that of Ushant ..
[l sl es d6bOuessant] € on ye coast of

Lenox, who believdd 6em to be nearer

sight thereoffwc h  unf or t u nlautSedloud. listenpdmet to@& d

f

F i

l
.

single person whose opinion was contr .

The actual location of the Ushant Isles is28N, 505W, whi | st Bi shopos

the nearby Western Rocks of the Scilly Isles (which includes the Gilstone roeks) ar
located at 4%B2iN, and 624iW - 6 27{W (114 miles or 38 leagues away). The fleet had
miscalculated their position by well over a degree of both latitude and longiamte
enormous and fatal error, particularly bearing in mind that Shovell previously ha
commanded the Channel fleet for five years. The loss of the Association, and many
similar, but less dramatic events, focused much attention on finding solutions to the

problems of navigation, especially around dangerous coastlines.

Inthe event,thetere &6 s ol ut i o ntlsebonstrctior a betealighthouses
the production of improved mapand theaccurate determination of position at sy
instrument}¥- took many decades to come to fruition. Also, as noted earlier, it was not

until well into the 19" century that a satisfactory lighthouse was built at Bishop Rock,

and not wuntil the 1790s that a good qual |

Admiralty. The third component of the solution programme also took many years to

resolve finally achieving success in the 1770s.
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The first of these 6sol ut i 2lnlshéThesacend,b e e n
involving the production of accurate hydrographic charts, was commenced by

Mackenzie in the 1750but his work did not extend south beyond the Bristol Channel.
Eventually, in 1789, detailed mapping of the Scilly Isles was undertaken at the initiative

of the Admiralty Figure3-11). Despite the small area to be surveyed, thekwaok

four years to complete and includes cl eal
ledges, together with bearings and distances from key points, notably Usdeird

S. by E. distant 38 leagyes&raeme Spené® a cousin and apprentice of Murdhoc

Mackenzie (Senior and Junior), carried out the survey.

Spencebds map, which does not appear to h;
or since, includ-stle pd o p-6haradnehbrége)dof Menafr o a d
War. Subsequently (in 181 ®%ith much prescience, he submitted formal proposals to

the Admiralty for a & Na%whichwadtophypavitasrole a d 6
in the 29World War.

Figure 3-11 Gr aeme Spencednap, 5e3i(skdtion) | sl es

© Crown 2002
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In 1793 England was at war again with France, and for every ship lost in battle eight

were lost through running aground. Organising and formalising the systematic

production of accurate charts became a matter of nhpoioaity. The work of the
Mackenzieds and Spence helped | ay the f ol
Admiralty Hydrographic Office in 1795. This unit was established under the direction

of yet another Scot, Alexander DalrymfileEven until recent tis, methods pioneered

by Mackenzie were described (in updated form) in the standard Admiralty Manuals of

Hydrographic Surveying.

3.3.3.4 Longitude determination

The third component of the solution programme involved the development of improved
instruments and poedures for positional determination, especially the determination of
longitude. The 1707 naval disaster was a major factor that led (after much debate and
consultations with both Newton and Halley) to an Act of Parliament in 1713/14 offering
aprizeofug o A20, 000 (over A3 million in year
|l ongi tude at seab. I n order to |l ocate ve:
with precision a reliable, accurate, practical and repeatable measurement method was
required. Fothe full prize to be awarded an accuracy of measurement to within less

than 0.5 of longitude (roughly 30 miles) was required. In practice, far better accuracy

was needed to avoid tragedies of the kind that had occurred 6 years earlier, and as

shown abog, the problem was not merely one of longitude determination.

Two principal approaches to the solution of the longitude problem were pursued at the
time, the secalled lunar method, which relied on precise measurements of the position

of the moon, and ntkods based on accurate timepieces.

The use of astronomical observations and tables (to include a complete set of lunar
predictions) was felt by many to be the most likely solution to the problem. Suitable
tables were eventually produced by Tobias Maleofessor of Mathematics and
Astronomy at the University of GottingEnin Hannover, Germany. Mayer drew

heavily on previous work by Flamsteed and Halley, and mathematical inputs from
Euler. The tables he produced were sent to the British Board of Ldagitul 755 and,

after his early death aged 39, the Board in recognition of their value awarded his widow

£30004. An assistant astronomer at Greenwich, Charles Mason, checked and refined
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these tables prior to their use in sea trials in 1757. Mason wasdmbdamous for
related survey work, which is outlined I :
the instrument used (and improved) by Capt. John Campbell for the sea trials of the

lunar distance method of longitude determination. These trials shitwemethod to be

effective in theory (and sometimes in practice), but this method proved to be far inferior

to the use of a precision timepiece (a marine chronometer).

In parallel John Harrison and others worked on the development of a precision

timepiece that would be usable at $ethis latter requirement precluded the use of the

great invention of this period, the pendulum. It was not until the 1760s that a

sufficiently accurate and portable spridg i ven ti mepi ece was dev
watch krown as H4) to enable a usable estimate of longitude to be produced at sea (and
thus more accurate navigation and mapping of coastlines). Even then it proved difficult

to reproduce Harrisonbés work. A copy of |
afterits maker, Kendall) was taken by Captain Cook on his second voyage 1782

and was described by him at “tWhenCook me as |
reached the Cape of Good Hope in South Africa he set his scientists ashore to make

astronomicabbservations, and reported that:

fé these observations shewed, that Mr
beyond all expectations, by pointing out the longitude of this place to within
one minute of time to what it was observed by Messrs. Mason and Dixon in

1761 o
James Cookl1776 Vol. |, p17

A combination of watch and astronomical observations enabled Cook to obtain good
estimates of longitude for many parts of the world, and the maps he produced at the

time (e.g. hiChart of the Southern Extremity of Ameridq75 includes both latitude

and | ongitude as well as soundings along
H3 and H4, and Kendal s copy of H4 (K1 al
at Fl amsteedds HouseiHarms@Gnésnwiaghi Paclknt |

still in working order and are generally kept running and on display.

The difficulty of design and manufacture of such devices meant that it was not until the

late 1700s that the first commercial marine chronometers becaitabde from makers
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such as Mudgé, Arnold and Earnshaw in London, and Le Roy and Berthoud in Paris.
Despite pressures from the Revolutionary Council at the time, even the French makers
baulked at producing decimal cloékéwith 10 hour days and 100 minuteurs) and
decimal calendars, and the ancient Babylonian basis for time division (and circle

division) remains to this day.

It was not until 1828 that the Board of Longitude was disbanded, its work being

regarded as completed. Despite the popular viegMaorison, as for example portrayed

so vividly by SobéeF, his watches were not to form the basis for subsequent marine
timekeeper$ as noted above they were far too difficult to produce and by the edlly 19
century simpler designs had been devidddde e d, Ear nshawos desig

used for most marine chronometers up until modern times, with very few changes.

In 1700 there were very few accurate astronomical and surveying instruments and even
fewer accurate clocks, anywhere in the world. Buthgyend of the T8century it is
estimated that Britain was producing between 150,000 to 200,000 watches a year,
perhaps 560% of which were exported.

As the 19 century commenced the major problems of coastal navigation appeared to
have been resolde by the production of precision instruments for measuring terrestrial
space and time; and by the provision of high quality navigational aids (lighthouses and
hydrographic charts). The next major advance was to be with the invention of the
electric telegapt®, which allowed longitude to be determined by the transmission of
time signals (1841922), and which was then replaced by radio signals (1922 onwards)
and subsequently by satellite positioning systems.

3.4 Gauss and his contemporaries8

Projects to map @&stlines and survey entire countries were taking place all across
Europe in the late 18century, building on the improved measurement instruments and
methods that were becoming available. Further progress required a firm theoretical and

methodological flameworki one which new mathematical researches were to provide.
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L a mb &highly accessibléd Not es and additions [ commen
and cel e s(i772%prowdadahe inisgabmathematical foundations for the

design of projectionsral associated larggcale maps. His work attracted the attention

of | ater mathematicians, notably Gauss,
conical projection with two standard parallels is the basis for many current national
mapping systems.ibltreatise also provided the framework for the Universal Transverse
Mercator (UTM) projection, attributed to Gauss, which is used extensively within

modern mapping systems.

Lambert produced a thremlume treatise on mathemafit,svhich records show was
borrowed by Gauss from the University Library, Géttingen, dhQetober 1795, the

first academic work he chose to study after starting at the University that autumn.

Vol ume I 11 includes Lambertods ANotes and

The astronomeaind mathematician C F Gauss was born in Brunswick, Germany in

April 1777 and died in February 1855. Between late 1794 and October 1795, then at the
age of 18, he is reputed to have devised the method of least $gjwainésh was to

become the basis for arfdamental set of estimation tools in geod&agpd statistics.

The analysis and use of squared measures, and particularly sums of squared measures,
have many analytical and theoretical attractions, and recur as a theme throughout this

study.

These earlfindings of Gauss and those of his contemporaries, Legendre and Bjplace
led to the development of a closer understanding of the nature of errors and the
development of tools and techniques for treating different types of error. As such it was
fundamentato the search for explanations of known discrepancies in terrestrial and
astronomical datasets. This in turn led to the development of statistical sampling and
error correction procedures, the introduction of experimental design, and the exploration
of probability distribution theory, notably the Normal (or Gaussian) distribution. The
French mathematician, Abraham de Moivre (1-4654), had published a derivation of

the Normal distribution as the limit of the binomial in 1538owever, Gauss provided

a mwch more significant derivation of the distribution in connection with his analysis of
the sum of a large number of additive independent errors in astronomical obseiivations

effectively the first use atentral limit theoremsalthough formal analysis otish
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theorems was not undertaken until 1¥90. Gauss 6 work in this
1809 (in Latin) and 1816 (in German).

In yet another contribution of relevance to modern spatial analysis (provided in a letter
to a colleague dated March 1836) Gaprovided the first detailed description of an
important problem of spatial optimisation that had been outlined by Fermat almost two
centuries earlier. The problem involves minimising the sum of distances from an
unknown point to a set afknown pointsWhere there are three known points this
problem is now known as a Steiner probigrwhilst with greater than three points and

a single unknown point it is known as a FerWaber problem. Gauss drew attention

to the question of determining not merely timkmnown point, or points in question, but
the various topologies of trees in@nnecting these points and the known point set
(Steiner minimal trees). Aspects of such distamig@misation problems are discussed,

with approximations and generalisatiomsJhapter 8.

During 17991800, whilst in his early twenties, Gauss acted as an advisor to the team

who were engaged in military mapping in Westphalia and he continued his involvement
with a number of similar surveying projects in Denmark and parts of &grnThis

i ncluded a-tpriiavagtud admiocnrbo r esear ch exer ci
the period 18024807 using a sextant and applying his method of least squares for the
adjustment of the coordinates and their intersection Jaimtany of thecontributions

made by Gauss to geodesy and-gmclidean geometry draw upon this early work, but

also stem from a commission (in 1818) to perform a geodetic survey of the Kingdom of
Hannover. In order to produce an accurate survey Gauss used the estabtsheue

of systematic triangulation and he again applied his error minimisation technique of

| east squares, which he described as fAmy
complexity of the system of triangles that he established, together with thieglites

of accurate measurement of baselines, positions, angles, levelling, fixing of

triangulation points and obtaining clear lines of sight, were all major obstacles to the
production of high quality maps. Indeed, the results of his mapping worktftwer

period 18201826) were of little lasting value. Nevertheless, during the course of this

work he made several substantive contributions to practical surveying and, more
importantly, analysed many aspects of measurement, error correction, mapping, area

calculation and distance determination from a formal mathematical perspective.
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Drawing upon his geodetic and astronomical research, Gauss is credited with the initial
formulation of differential and nekuclidean geometry, including formal definitions of
curvature and conformal mapping. This work benefited from prior results published by
Lambert (as noted above) and EBlern cur ves and surfaces, i
differential equations for geodesics (published in 1728). His results on general
conformal maping (preserving angles/local shape but not necessarily distances) were
published in a prize essay in 1822n this he demonstrated that the conditions for
conformality rely upon the intrinsi¢(or parametric) representation of one surface

being directlyrelated to the matching representation of the second surface. Uiy

t as the parameterisation variables (i.e. letdng(u,t), y=y(u,t), z=2u,t)) and writing
incremental squared distafe@n terms of this parameterisation on the first surface as

ds? =edt*+2fdtdu+gdi?, and on the second surfacedas=Edt*+2Fdtdu+Gdi? then the
conditions for conformality are/e=F/f=G/g. One result of this analysis was to
demonstrate that a necessary condition for a surface to be distance preserving (i.e.
moving pat of its surface over another part retains distances) is that the surface has
constant curvature (e.g. a sphere, a plane or a cylinder, but not an ellipsoid or a typical
landscape). This notion of commencing analysis with the use of intrinsic coordinates
and incremental distance is the direct forerunner of the ideas of his student, G F B
Riemann (see below and Sect#®R.4.5, and thereby of the mathematical framework

required for the formulation of general relativity.

When amlysing paths on surfaces, Gauss noted that great circles on a sphere have the
property that at every point along these curves the principal normal of the curve is
parallel to the normal to the surface. He then demonstrated that this property applies to
geodesics (straight lines and locally shortest paths) on more generalised surfaces (see
further, Sectiory.4). This observation is simplest to appreciate by comparing lines of
latitude (for which the normal to the curveishorizbal wi t h respect tc
and lines of longitude, where the normal to the curve slices through the centre of the
Earth and is thus also the normal to the surface along such lines (treating the Earth as a
sphere). Gauss appreciated that ge@dasere neither unique nor necessarily globally
shortest pathk for example, there may be many straight lines through a given point to a
second point on the surface (as occurs on a sphere with polar points) gralaron

points on a sphere will always r@atwo (unequal) straight lines connecting them.
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Many of these topics were developed and published in detail by others, initially by
Lobachevsky and Boly# and then more generally by Riem&nh 18 54) . Ri emar
formulation is discussed in some detaiOhapters 4 and 7, and Annex 2 where it is

used in the analytic solution of selected generalised least cost path problems. Riemann
argued that the (only) correct way to understand distance and space was to consider the
behaviour of very small elemeritsncremental distances, areas, anglaad to derive

results from the incremental extension of these across spaces (or using the terminology
Riemann introducegontinuousmanifolds. He also notel: it if necessary to start out

from the principle that a shitest line, originating in a point, is fully determined when

its initial directionisgivero Thi s mode/l provides a power:
range of complex continuous spaces, but is not directly suitable when his notions of
continuityandte o6i ni ti al val ued pr i ifoiegamge, iar e r €
the case where the shortest path varies dynamically (e.g. with variable traffic flows); or
varies with the decisiemaking process of the person or object in motion; or where the

spae under consideration is not continuous and smooth.

Gauss, like Mayer and Lambert before him, became deeply interested in problems of
local and terrestrial magnetism, and subsequently electricity. His work in this area was
both of a theoretical naturesqulucing laws to explain aspects of the behaviour of
magnetic and electric fields which are still in use today, and of a practical nature. The
latter included the systematic study of magnetic variation throughout Europe, the use of
spherical harmonicstoeds c r i be t he Eart hdés magnetic fi
for absolute measurement of magnetic fields. In 1833 he applied some of these ideas in
the design and construction (with his colleague, the physicist W Weber) of the first
largescale electrmagnetic telegraph (communicating across 2.3kms of wiring). This
device involved the transmission of an electric current which resulted in the movement
of a magnetic needle to the left (L) or right (R). Gauss and Weber subsequently
introduced one of the daest examples of a (bit) binary code (seEigure3-12) to

encode the 32 symbols®j2hey needed for alphanumeric communication (note that this

scheme excludes X).
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Figure 3-12 Gauss and Weber telegraph code

RRRRR A RLLLL | 1
RRRRL| B RRLLR| 2
RRRLR| C RLRLL | 3
RRLRR| D RLLRL | 4
RLRLR| E LLLRR | 5
LRRRR| F RLLRR| 6
LRLRR| G/J | LLLRL | 7
RLRRL | H LLRRL | 8
LLRLL | /Y | LRRLR]| 9
LRRRL | K LRLLR | 0
RLRRR]| L
RRLLL | M
LLLLL | N
LRLLL | O
LRLRL | P
LLRRR| Q
RRRLL| R
RRLRL | S/Z
LLRLR | T
RLLLR | U
LRRLL | V
LLLLR | W

The use of a needle as an output device was slow and impractical, and shortly
afterwards Morse, Baudtand others devised improved and practical forms of electric
telegraphand associated coding systems. These events marked the very start of the
information and communications era with which we are now so familiar. As noted
earlier, one of the first uses of the telegraph was for the transmission of time signals,
leading to theéime-based standardisation of longitude measurement. Another early use
was for the transmission of stock priGese return to this latter application in the

Postscript to this study.

The central role of mathematical formalism, which commenced with Neartd

realised its full potential in the late ®&nd early 19 centuries with Gauss, cannot be
overstated. It was only through such formalism that such rapid progress could be made
on so many problems that had defeated earlier scientists. Within ttextcohthe

current examination of the historical framework to distance and path measurement, this
work culminated in the ideas formulated and results obtained by Gauss and his
contemporaries. It was not until well into thé"2@ntury that significant ecks in some

of these ideas and models became apparent, as we discuss later in this study. The last

years of Gaussdé |ife do not mark the end
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beginning of the next great development, the birth of telecommunisateading to the

information age and the digital revolution.

3.5 20" century timekeeping

Although it appeared that the role of accurate time measurement as a basis for location
and distance measurement had been resolved by the ¢adgrifry, developmestin
timekeeping in the 20century were to change this completely. The simple relation:
distance = speexitime pointed the way to the development of distance measurement
techniques that relied on time measurement, since it had become apparent tregdhe s
of electromagnetic radiation, such as radio and light waves, was almost constant in air
for shortwave radar this speed is around 299,700kms/sec or 3.05 microseconds/1000
yards. Thus the problem of accurate distance measurement through the atenospher
became one of accuracy and consistency in time measurement (plus adjustment for
atmospheric conditions). The work of a number of physicists in the edtge2@ury

led to the development of very high precision crystal and atomic clocks, which could be
used for such measurements. This technology subsequently found use in a wide variety
of devices, including radar and satellite communications systems and, in particular, in

providing precise guidance systems for missile targeting.

In the 1990s, as the @& for more accurate and global defence systems arose and the
technology to deliver this became more readily available, the US Department of
Defense commissioned the construction and deployment of a series of orbiting global
positioning satellites each caming high precision clock¥. Devices were designed

(GPS receivers) which could receive time signals simultaneously from at least 4 GPS
satellites anywhere in the world. Three of the four time signals are used for triangulation
purposes to locate the @vsger by converting the time differences to distance (using the
speed of light and adjustments for error factors such as transmission through the

at mosphere). The receiverodés | ocation i s
spher es 6 ctlwae seleetatl sateltitest Theefourth satellite reading provides a
virtual atomic clock in the GPS receiver, since it is assumed that the apparent error in
the fourth reading of position is not an error at all but a difference between the accuracy

oftheb c a | (observerds) clock and that of tt
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This 6basicé GPS facility is, of course,
currently!® provides average accuracies of approximatel2 met res on t he
surface in termsf latitude and longitude, but generally poorer accuracy for altitude.

The altitude estimate is both intrinsically less accurate, due to geometric considerations,
and is affected by the ability of the receiving equipment to make accurate adjustments

for the Geoid®2. Resolution can be improved by using a second (fixed) observer

position some considerable distance from the first observer and utilising Differential

GPS (DGPS) techniques to adjust for minol
readings. D®S can improve the horizontal resolution of instantaneous measurements
down to 36 metres at present and is generally independent of plate tectonic movements
(because each station is normally situated on the same plate). Altitude resolution can be

improvedwith enhanced processing and better (regional) Geoid models.

Standard GPS and DGPS systems rely on decodimgptitentof data transmitted by

the satellites on a modulated high frequency carrier signal. Research and development
of improved GPS resolutio(sub 1 metre) has focused on the carrier signal itself, whose
frequency facilitates the production of commercial devices with a resolution of under
10cms (or less if measurements are carried out over a perioelkdf H@urs). This

greater degree of ac@ay is required if GPS technology is to be used for applications
such as remote control of vehicles (e.g. landing aircraft precisely on runways in blind

situations) and automated field surveying.

Even greater accuracy, sub 5mms in both horizontal anidaleneasurements, is

possible using a combination of specialist receiving equipment, pesised

measurements and advanced mathematical models. Such accuracy is important for
precise geophysical modelling, assisting in many fields including the trackiigte
movements and monitoring volcanic activity. Adjustment (to a Continental base) is
required for precise survey purpose®r examplé® Great Britain is moving due to
continental drift with respect to the W& coordinate system at a rate of aliat
centimetres per year in a Nomfasterly direction resulting in survey stations in Britain

(and much of Europe) being a quarter of a metre adrift from their expected positions
within 10 years. Put another wayamostdbe Gr
feet since the time of Newton, Flamsteed and Halley. Australia is moving at a somewhat

faster rate, 7cms/year, also in a Negtsterly direction.
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Development of less sophisticated, low cost timing devices, typically based upon quartz
oscillatoss, has resulted in a range of sophisticated distance measuring devices. For
example, relatively simple modern devices of this type are used in echo sounders/sonars
and radar equipment to provide distance measurement in hydrographic and aeronautical

applicdions.

Until recent times surveying equipment relied on direct (visual) observations made
using the telescopic sight of a theodolite. Early surveyors found this very unsatisfactory
and one of the inventions for which Gauss is best known is the heligaaj@ice for
reflecting the sundéds rays). This device
over which observations were made: assuming the sun is shining a 15cm heliotrope can
be seen at 50kms in good conditions. Modern terrestrial surveyimgnegnt utilises

laser and microwave randiding rather than conventional optics in order to map out
roads, buildings and landscapes. These instruments are similar in concept to their
optical forebears, but typically utilise laser light transmissionreflactor (although
nonreflector based devices are now widely available). These operate by measuring the
time taken for the (pulsed) laser light to achieve its round trip path. Resolutions of under
1mm are achieved with ranges of up to 5kms under gandsgtheric conditions (no

haze, visibility over 40kms). Similar technology is also used in airborne laser terrain
mapping (ALTM) systems, enabling fast, high accuracy, large area surveying to be
completed automatically (10,000+ hectares/day) with an accofaaround 15cm when

combined with GPS readings.

3.6 Conclusions

The preceding Sections provide a review of many of the events and discoveries that
took place during the period from the mid"t@ early 19' century, which led to

modernday standards, toond formal models of location, distance and space (see
Table3-4, below, for a summary of timelines). We have shown that the driving forces
behind these events were a combination of key scientific discoveries, political pressures
and commercial interests, which collectively created an environment in which technical
innovation flourished. The discovery of laws relating to the motion of the pendulum and

the fundamentals of optics were two of the key areas of innovation that fadil&at
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better understanding of the world we live in, and ultimately led to the accurate
determination of position and measurement of terrestrial distances. This in turn focused
attention on the central roles of precision time measurement, mathematicalmgodell

and data communications to mapping and spatial analysis, which continues to the

present day.

This historical perspective provokes two, somewhat unexpected, emotions: familiarity
and surprisel-amiliarity - not simply because many of the historicaitéaand

personalities are so familiar to us today, but because we see such clear echoes from the
past in the problems that we address in the preSenprise- arising from an

unexpected recognition that so many of the building blocks of spatial anaytike

for granted now were established over 200 years ago, and that we are still utilising the
work formulated at that time.

Several of the key ideas from this period are carried forward into the Chapters that
follow. Perhaps the most significant oke is the notion that many largeale spatial
events are only comprehensible by the close examination of-soaddl behaviour.

Whilst there are weaknesses in this model, we show that it facilitates the development
of a powerful range of new tools, enigl solutions to be found to complex problems in

spatial analysis.
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Table 3-4 Timelines: 1600-1850 Personalities, Events and Inventions in the text

Personalities/Institutions Events/publications Methods/Inventions
1600-1700 W Snell (1580-1626) Principle of least time (1662, Triangulation method (1617,
James I/VI ASnelliuso Fermat) Snell)
1603-1625 P de Fermat (1601-1665) Snell 86s | aw of
Charles | C Huygens (1629-1695) Snell)
1625-1649 J Richer (1630-1696) Adjustable scale (1631, Vernier)
Coweal t | TTompion (1639-1713)
1649-1660 Sir | Newton (1643-1727) Pendulum clock (1656/7,
Charles Il Sir C Shovell (1650-1707) Pendulum measurements in Huygens)
1660-1685 Royal Society (est. 1660) the tropics (1672/3, Richer) Anchor escapement (1671,
James I East India Co (est. 1600) Principia Mathematica (1687, Hooke?)
1685-1688 A de Moivre (1667-1754) Newton)
William/Mary | G Graham (1674-1751) Treatise on light (1690, Equatorial quadrant (1685,
1688-1704 J Harrison (1693-1776) Huygens) Hooke)

G de Maupertius (1698-1759)
C Maclaurin (1698-1746)

1700-1750 L Euler (1707-1783) Optiks (1704, Newton) Dead-beat escapement (1708/9,
Anne J Bird (1709-1776) fifAssati ono wr e| Tompion; 1715, Graham)
1704-1714 M Mackenzie Snr (1712- Scilly Isles)

George | 1797) Act of Union with Scotland Theodolite (1720, Sisson)
1714-1727 (1707) Mercury pendulum (1720,
Longitude Board (1714-1828) | Longitude Prize established Graham)

T Mudge (1717-1794) (1714)
T Mayer (1723-1762)
George ll Geodesic equations (1728,
1727-1760 W Roy (1726-1790) Euler) Quadrant (1731, Hadley)
J-H Lambert (1728-1777) Arctic circle baseline (1736-8,
Capt J Cook (1728-1779) Maupertius)
J Ramsden (1735-1800) iSveci ao wreck
J Arnold (1736-1799) Orkney)
A Dalrymple (1737-1808) Calculus of variations (1740,
T Earnshaw (1749-1829) Euler)
P-S Laplace (1749-1827) Yard defined (1742, Royal
Society)

Principle of least action
(1744, Maupertius)
Battle of Culloden (1746)

1750-1800 A-M Legendre (1752-1833) Orcades Atlas (1750, Plate brass (from 1750)
George lll C Mackenzie (1754-1821) Mackenzie) Modern Sextant (1757, Bird)
1760-1820 W Lambton (1756-1823) Eddystone lighthouse (1759, Lever escapement (1757, T
W Mudge (1762-1820) Smeaton) Mudge)
Mason-Dixon line (1763, Marine chronometer H4 (1759,
Mason/Dixon) Harrison)
Northern Lighthouse Board Capt. CbOvoyeges 2
(est. 1776) (1772-1776) Marine chronometer (1774, T
C F Gauss (1777-1855) Methods of marine surveying Mudge)
J Walker (1781-1862) (1771, Dalrymple) Dividing engine (1775,
Treatise of maritime Ramsden)
A Fresnel (1788-1827) surveying (1774, Mackenzie) Station pointer (17747,
Hebrides maps (1775/6, Mackenzie)
Mackenzie) Great theodolite (1785,
OS Baseline (1785/1791, Ramsden)
Roy/Mudge)
G Everest (1790-1866) Ordnance Survey founded
J Steiner (1793-1863) (1791, Roy)
Scilly Isles map (1793,
Spence) Least squares method (1795,
UK Hydrographic Office Gauss)

founded (1795, Dalrymple)
Metre defined (1798,
Académie des Sciences)

1800-1850 W Weber (1804-1891) Great Trigonometrical Survey | Heliotrope (1820, Gauss)
George IV J Young (1811-1883) (1802-1843, India, Lambton Conformal mappings (1822,
1820-1830 and Everest) Gauss)

William IV G F B Riemann (1826-1866) Bi shopbés Rock Fresnel lenses (1822, Fresnel)
1830-1837 (1847, Walker) Electric telegraph (1833, Gauss
Victoria and Weber)

1837-1901 ASteinero trees

Paraffin (1847, James Young)
Manifolds and tensors (1854,
Riemann)
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Notes and References:

1 GPs Global Positioning SystenfEDM: Electronic Distance Measurement

2see for e x ampcllee,, Ei TTh eBePrlibnsc ea rotfi MMewmbhneJiR@I06) ci ans o

The world of mathematics, Vol 1, pp 2839, George Allen and Unwin, London;
Hord T (1970 Carl Frederich Gauss a biography, MIT Press, Cambridge, Mass., trans. from the
Swedish(fi G a unsathematicalkingg by Al bert Froderburg

3ﬁOpt icks, or a Treatise of Reflecti(d@smuctRoéf r act i
the content of this work had been developed during the plague years &b 1665t Newton was at his
home Woolthorpe Manor, in Lincolnshire

*ATreatise on l'ighto, subtitled A in which are ex
refractiono, published by Huygens in 1690

5 although 1822 is the date ascribed to the invention, such prisreases designed by Fresnel were in
use in French lighthousée.g. the Tour de Cordouan at the mouth of the Girpbdére this dat¢on
or before 182p

SFresnelOrder Fresnel |l ighthouse |l enses are usually ca
by the distance of the light source from the lenses. The largest are known as first order lenses and were
used in the lighthouses requiring the greatest raf@fs- mileg. A firstorder Fresnel lens designed for
large marine lighthouses consists of 04800 prisms, stands up to 12 feet tall in its frame and can
weigh up to 3 tons. A fourtbrder lens has an internal diameter of ;28 compared with 73for a
first-order lens. The light source used is typically 200 watts or less, but generates 600,000+
candlepower with an appropriate Fresnel lens. Modern uses of Fresnel lenses are extensive, from
traffic lights to projection televisions, and page magnifiers to stage lighting systems

"in the 10 years prior to the construction of the first Scottish ligidle at Kinnaird Head it has been
estimated that some 35 ships were lost along the Moray Firth coast due to the activities of wreckers.
The crew of such ships were routinely murdered if they managed to reach shore, to avoid word of the
wrecking activitiedeing verified

8 Scottish Record Office x hi bi ti on of documents, #AStra@ded on
Feb 1979. The wreck of this Swedish vessel, which foundered on the Reefdyke, just east of North
Ronaldsay, and sank in only in 28 water,included silk cloth, gold coins, Chinese porcelain and
hardwood from Bengal. Most of the records relating to this event now reside in the Orkney Archives.
According to a salvage operation on the wreck ir
no mean s um (RexCdawanpSumdaydiangss18/7/19¥8hatever the exact figure, the
loss involved appears to be equivalent to tens of millions of pounds in current value if these sources are

to be believed. See also, the Section on Murdoclkéfede later in this Chapter

9NLB: http://www.nlb.org.uk/

see further:
Allerdyce K, Hood E (1996 At Scotl andos edge,29E&)r per Col |l ins,
Bathurst B(1999 The Lighthouse Stevensons, Harper CollRanada
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Internet links

O the initial four lights were sited at Kinnaird Head near Fraserburgh, North Ronaldsay in the Orkneys,
Eilan Glas on the island of Scalpay off Harris and the Mull of Kintyre; in 2002 Scotti¢8 TV
produced an excellent Gaelic language progranaimeut the lighthouses of Scotland, under the title
itAn Sol dtsr aBrusalnadt ed as ).A TThhee LKignhntahioruds eHsedad si t e n

Lighthouse Museurfhttp://www.lighthousemuseum.co )ik Kinnaird Head lighthouse predates the
upper structure shown in the photograph, but was constructed on top of the derelict castle, within
which the second lighthouse was also constru@ted824. The lighthouse was lit by 12 whaié
lamps with the newlinvented Argand circular wicks, but still provided a relatively poor light until the
introduction(inventior) of paraffin fired lamps from 1803

11 Figures are as at May 2008)GPS Differential Global Positioning System. There have been recent
suggestionsafter many centuries of valuable service, that all lighthouses in the world sheuld de
commissioned during the 2&entury and replaced with electronic navigation aids. At this point in time
no official confirmation of this suggestion has been found

2 the lights themselves do not flash, but remain on whilst the framework is rotated at a fixed speed, using
blanking sections to 6turn offdé the Ilight beam.
incorporated a flashing scheme as early as 1801

By neberg R K(1964 The mathematical theory of optics, Univ. of California Press, Berkeley, pp. 87
88 provides an example, based on reflection, where light takes the longest of possible paths. Luneberg
notes that Fer mat &g ap reiéruns forifivihich shb aptintaldattbagtaines an
extreme valueo. Di scussion of | ocal and gl obal (
across ilkdefined boundaries and through regions containing obstacles are provided later in this study.
A usefuldiscussion of optical models is provideddnodchild M F(1977 An evaluation of lattice
solutions to the problem of corridor location, Environment and Planning, A, 97327

Y often spelt Hanover in the UK

5 The UK Hydrographic Office was founded in %79

16 Simpson A D 01993 The pendulum as the British legal standard: A nineteenth century aberration,
pp.174190 inAnderson R G W, Bennett J A, Ryan W(#993 Making instruments count, Essays on
historic scientific instruments, Variorum, Edinburgh

17 Alder K (2002 The measure of all things, Little Broyhime Warne), London; this excellent and
detailed recent work provides much insight into the relationship between the standardisation of
measures, developments in scientific understanding, and the pofitice French Revolution

18 Tally sticks:these were used both for counting purposes and for bar@faing/hich the stick would be
split). Notches were cut into wooden sticks according to a code. The sticks were then split down the
middle and the Treasyikept one half and the debtor the other. When the debt was paid the two halves
were matched to see if they 'tallied'. Tally sticks were officially abolished in 1783 but their use
continued until 1826

19 scottish Record Office GD 18/5097/7 (May 27, 1741feke of Prof Colin Maclauriri see separate

footnotes on Maclaurin
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Internet links

20for an excellent review of the origins of marine surveysRsdgnson A H W(1962 Marine

2

1

cartography in Britain, Leicester Univ. Press, Leicester, Ch.3; for a detailed contemportmy hiee
fiDi ssertation on the rise and progr eRebertsenf] t he arr

(1786 The elements of navigation, Vol.1, C. Nourse, London

on thewest coast of the Scottish mainland between Moidart and Arisaig

22 The earlest accurate coastal maps werethecsal | ed APortol and charts tha

Mediterranean in the #fcentury. These charts were developed from navigational guides relating to

trading around the Mediterranean coastline and included rumb linesl&mbinted compass roses.

These features appear on subsequent European maps of'taad 67" centuries (notably those
produced by Dutch and Flemish cartographers) anc
below

23 Munro D (1549 Descriptionof the Occidental i.e. Western Isles of Scotland, reprinted in 1999 by the

Berlinn Press, Edinburgh, included in reprint of Martin Martin, op. cit.

24 Scottish milesare stated by some authors to be roughly 1.4 times English miles, but are officially

about12.1% longer

25 Martin M (1703 A description of the Western Isles of Scotland, Gent Edition. This work was newly

typeset and reprinted in 1999 by the Berlinn Press, Edinburgh, but without the original map

26 HaswelkSmith H (1996 The Scaottish Islands, Cangate Books, Edinburgh, provides an excellent and

comprehensive ui-date guide to every Scottish island over 100 acres

27 Mackenzie M(1774 A Treatise of Maratim [sic] Surveying, E & C Dilly, London, p.xii.

Examples of earlier maps include those bgeBl(Atlas Novus, VoI5, 1659 ased on Pont . Po
of Arran(Arania, based on Blagdior example, is completely incorrect in its positioning with respect to

the mainlandMull of Kintyre). Capt . Greenvil e Col | i (fistpublidned at Br
in 1693 and whose detailed maps of Scotland date from 1688/9, included quite good maps of the

Orkneys and Shetlands, but none of the Western Isles. New entries on both M Mackenzie Snr and M
Mackenzie Jnr have been prepared for the next relefages Dictionary of National Biograph§dNB),

but it is not expected that this will be published until 2004. As far as the author is aware M Mackenzie

Snr did not marry, but his brother, Thomas Mackefaimerchant of KirkwaJlmarried and had at

least tvo children, one of whom was MM Jnr.

28 Triangulation: the original ideas for triangulatiofand the subsequent related method of trilateration

in which the side lengths rather than angles are udates from 1617. The Dutch scientist known as
Snellius(1580-1626 established a baseline between church towers near Leiden and extended these in
a triangular manner using a series of church towers in the region. To minimise errors triangles of
approximately equal side lengths/angles are recommended. It issitigréo observe this early
appreciation of the importance of triangularity, which was later to become fundamental in the
understanding and definition of metric and quasimetric spésms further, Sectiof.2)

Colin Maclaurin (16981748: is reputed to have been responsible for providing the basic procedures

necessary to execute an accurate survey of the Orkneys, following a request in 1739 by the Earl of

76



Internet links

Morton. This request may have related to a voyage for this purpose Bgaithaf Morton and others,
which Maclaurin was due to have joined but which he was unable to do owing to ill health. It is clear
from a number of Maclaurinés | etters and the act
was closely involved iseeking improved maps of the North coast of Britain, the Orkneys, the Shetlands
and the Western Isléssee for example, letter to Sir Martin Folkes"2@n 1742 and 30/11/1742,
published inMills S (ed) (1982 The collected letters of Colin MacLauriBhiva, Nantwich. Murdoch
Mackenzie is understood to have been a student of Macl@uinim lectured at Edinburgh University on
mat hemati cal t opi c $orlengtltcalcudtiomagn di LidPn ga{omsemteying ity o
these were essentially worksf 6 appl i ed plane trigonometryd and
geometry. According t&halmers G(1810 Caledonia, ii, p.58, Maclaurin provided a certificate, dated
19"November 1742, i ndicating that Mdakkageometreal had t
surveyo. Maclaurindés recommendation was used by
promoting his proposed venture. Maclaurin subscribed to 3 copies of the final maps, but most
subscriptions wer e mahdlduddoryBayiGompamy wleommeleréd 2Gcopie a s t
(the company had a base at Stromness on the Okaiegghe British East India Company who
subscribed the sum of A200. In 1745 Macl aurin ws
earlier work onsurveying and related matters, originally published in ¢.1790 in Latin, see for example:
Gregory D(1780 Practical geometry, @Edition, J. Balfour, Edinburgh

29 This work commenced in August 1744 and surveying was completed in the spring of 1748, with
engraving in 1749 and publication in 1750. For further details Segth D C F(1987 The progress of
the Orcades survey, with biographical notes on Murdoch Mackenzie $&rik#1797), Annals of
Science, 44, 27288. Note: Mackenzie is spelt variouslyMa ¢ Kenz i e, Mc Kenzie, anct
Webster(née Smith, see aboy® C F (1989 A cartographic controversy: In defence of Murdoch
Mackenziepp. 3342in Macleod F(ed) (1989 Togail Tir, Marking Time, The map of the Western
Isles, Acair Ltd and An LannitaGallery, Stornaway, Isle of Lewis. Note: Togail Tir roughly translates
from the Gaelic as fAdepicting |l andd and An Lannt
l anterno
Mackenzie later refers to this approach as@memetric Surveymethod(after the greek: Oroé
mountair): fi. . . odineis kxactlygnedares,eand the Distance of the Summits of two, or
more, high Mountains in the Neighbourhood found from thence trigonometrically: then by Angles taken
on these Summits, the Distances bfted Points, Heads, Turns and other visible Objects on the Coast
are ascertained; and from these the Positions of
Mackenzie M(1774 op. cit. p.xxi

3011 a rare inclusion of positional data, Martin Mart{f1703 p35Q states thathe Orkneys lie at latitude
59A2NjN and | oinlgi $ usiko2Rdl1gmNgbably read 2A11NW, &
il sl ands of Orkneyo, published by Jacob Tonson,
that Martin simply copiethe erroneous informatignThe 90 islands that form the Orkneys actually lie
bet ween 58 A4 I(thghanse asdAlagk® ok $odthdiN Green)amah d b et ween 2A22N;j
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4A25NW. Kirkwall is |l ocated at 59 Abyshowed 3 AW. L o«
longitude which was difficult to determine, but latitude was often included

3L30hn Hadley(168217449i s bel i eved t o have Qpadrandb(ocreock t he f i r s
correctly Octanin 1731, drawing upon earlier designs proposed by bothkd@md Newton. At
approximately the same time, a AMr Godfrey of t}
instrument. The reflecting quadrant was to form the basis ditleeerr) Sextant, whose original
designer wagohn Bird (17091776 in1757.Hatl ey 6 s ear | y qu adbgreermabhgg2 pr ov i
x 459 as opposed to 12@2 x 609 for the sextant the latter range was needed for lunar observations
at sea. Although portable, these early instruments were relatively heavy and made from sheet brass
although later versions made from ebony were lighter. A large astronomical quadrant owned by the
Univ. of EdinburghkNPM A8Q and housed in the Scientific Instruments department of the Royal
Museum of Scotland dating from ¢.1725 and made by John RowlEyriity College, Cambridge, is
though by some to have been the instrument taken by Mackenzie to the Orkneys for measurement of the
longitude of Kirkwall, although we have found no evidence to support this claim. This instrument was
formerly known as Napir 6 s  Q (inaotrectly mdsigned to the Edinburgh mathematician and
originator of log tables, John Napier

32 The termtheodolitewas introduced in 1571 to describe the plane table device comprised of a divided
circle and alidade mounted above. Thereeigson to believe that the theodolite available to Mackenzie
was of an inferior quality to that shown in the picture, as it is understood to have been made from bell
metal

33 There appears to be no detailed record of the specific theodolite provided temagkalthough
according toRobinson(1962 it may have been made of bell metal. In his later writings he refers to a
subsequent desigwith two telescopic sightas being preferable to the single sighting device
provided in the example shown. The eimrthe Dictionary of National Biograph§d 909 states:
fiMcKenziebds work, carried out with very inadequsz:
demand for quantity in preference to quality, was of the nature of rough examination rather than
accurate surveyo. This opinion certainly holds foc
to all the surveys

34 cited in: Richeson A W(1966 English land measuring to 1800: Instruments and practices, MIT Press,
Cambridge, Mass. p.152

35 Station ponter: a simple device, similar to a protractor, invented by Mackefimie attributed by
some as due to Speneghich enabled three positions to be set at once using two moveable arms and
one fixed arm as pointers. Station pointers are still made today

36 Maclean G, Macleod F (198 aptain Otter & Captain Thomas, ppk122 inMacleod F(ed
(1989 Togail Tir, Marking Time, The map of the Western Isles, Acair Ltd and An Lanntair Gallery,
Stornaway, Isle of Lewis (see also, earlier footnote on Mackenzidar@rtades survey)

37In a letter in 1757 to John Mackenzie of Delvine, who acted as his financial manager, MM stated that
he had finally been paid in full by the government for his Hebrides surveys and shortly afterwards sent
the sum of £500 as a Bank Dr&dtJM, presumably the payment in questiiL.S MS: 1131
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1207,1342,1373 Letters written to JM from the mid 1770s onwards show significant deterioration in
his formerly excellent handwriting, confirming the view that all of the Western Isles maps were
produced in the 1750s and not subsequently redrawn by MM

For further discussion see:

Bray E (1986 The discovery of the Hebrides, Collins, GlasgdWed. (1996 Berlinn Ltd, Edinburgh,
Ch.4 AThe charting of the seas?o

Robinson A H W(1962 Marine cartography in Britain, Leicester Univ. Press, Leicester, p.63

Bendall S(1997 Dictionary of land surveyors and local mapmakers of Great Britain and Ireland,
15301850, 29 ed., The British Library, London: this source states that Mackenzie was employed as a
schmlmaster in Kirkwall from 1734 739 and fempl oyedodo by the East |
the Admiralty, from 1751771. He was made a Fellow of the Royal Society in 1774. MM lived in
London for a number of years before moving to live with his nephavddek Mackenzie Jnr, in

Somerset. He died in 1797 at the age of 85 and is buried in Minehead, Somerset

38 The length of the baseline is stated by Mackenzie to have been 3 dhthB&s6 A separate, shorter
baseline was used on Lewis; few details of lr@ese on the mainland or other islands are given
although a baseline in the Clyde valley is cited

39 Paper shrinkage and distortiarseveral factors may affect the dimensions of maps and their
associated printed scales: the type of paeedinen/other magrial) on which maps are printed, the
printing process, the subsequent conditions of map usage and sterggédampne3and map folding.
I f the original material is of a 6laiddé type in
of the map(or postage stamp, banknote orworkofjavti | | vary by direction. M
maps are hand drawn with pen and ink, onto heavy paper, which is mdghted onto linen backing,
and for the most part these originals do not appeartoiawved er gone shri nkage. Ma c
published maps are printed from copper platee originals of which do not seem to have sunjived
onto heavy chart papérfrom examination of several original maps we suspect the paper of the printed
versions shows vable shrinkage of between 1% and &4 error of up to 1 mile in 3Gvhich we
have assumed to be ndirectional - confirmation of this would require a technical analysis of the
paper fibres. Derivation of datasets for longitudinal research from printgusrehould recognise that
differences over time may be compounded by such factors, especially across sheet or plate boundaries.
Mackenziebs chart sheets are actually composites:s
and glued after printing. lis also the case that separate overlapping napsh as those covering the
South Harris area of the Outer Hebridesay not match even closely, having been prepared, drawn
and printed at different times without due consideration of consistency and accurac
For a discussion of the use of affine transformations to rectify some of problems of this type see:
Sprinsky W H(1987 Transformation of positional geographic data from papased map products,
The American Cartographer, 14, 4, 3366

“Oforadiscus® n o f magnetic variation and details of th
fieldd b apaametenspherical RaBmdnic series approximation for 1900 onwards, see:

http://Earthagu.org/sci_soc/campbell.htrahd http://www.ngdc.noaa.gov/IAGA/wg8/igrfhw.html
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4l magnetic variation is believed to have been approximately 0 in England in 1658, and(\\eiserly

by81l0mi nut es per annum at that ti mdcl79@beargthieoutSpenc
(Var: c.25W)1i current hydrographic maps of the region indicate a variation @9 6 W ( 197 4) v al
by 56 p. a.

42 current and historic Hydrographic charts tife UK and world are provided by the UK Hydrographic

Office. Sednttp://www.ukho.gov.uk/index.htfar more details; formal analysis of differences between

current charts and those of Mackenzie could bedaeted using the recently developed techniques of
bidimensional regression and associated visualisation methede for example the study of the
historic maps of the coastline and county of Suffolk describe&slyimington A, Charlton M E,
Brunsdon C F Q002)Using bidimensional regression to explore map lineage, Computers,
Environment and Urban Systems, 26,-208
BiMr Murdoch Mackenzie Junior [ foll owing a discu:
confirmed that was a transcriptonerr and should read 6Senioré6] of
Surveyor in His Majesty's Service, a Gentleman well acquainted with Mathematical and Philosophical
Learning, is desirous of becoming a Fellow of the Royal Society; And We, who have hereunto
subscribedbur names, from our personal knowledge of his character and acquaintance with the
Sciences, do recommend him as deserving of the honour he solicits, Proposers: Jos Banks; Dan
Solander; Pat Murdoch; Php Stephens; Jno Ibbetson; Jno Campbell; Thomas Pénneé®itp ur c e :
Archives of the Royal Society EC/1774/07
44 Alexander Dalrymplg(17371808 originated from New Hailes, near Edinburgh. He was employed by
the East India Company from 1752 and spent many years in India and travelling in the Southern
oceans. Hepubi shed numerous wor ks, including: AEssay
sur veyi n¢paginallywrittedid 1763and Al nstructions concerning
tmek eeperso in 1807. He was el eat7/led as a Fell ow ¢
45 William Roy (17261790 (later Major General William Rayis the most famous name in the history of
the British Ordnance Survey. A Scot, born in Lanarkshire, he was deeply interested in both surveying
and archaeology. He was elected a fellowhef Royal Society, with his sponsors being the President,
who was the Earl of Morton, James Short, a fellow Scot and famous instrument maker who had also
conducted a land survey of the Orkneys in 1759, and William Harrison, son of the clockmaker, John
Harrison. The entry in the Dictionary of National Biography by R.H. Veitch states:
fiRoy selected Hounsl ow Heath for a base | ine
three times over by means of cased glass tubing, seasoned deal rods, and a coffefeairsteel
made by Ramsden, the length being 27,404 feet, and the discrepancy between the several
measurements under three inches [1 in 100,000]. This work took nearly three months, and
excited considerable scientific interest, the king, the mageeral of he ordnance, and many
distinguished savants visiting Hounslow Heath during its progress. The result of a
remeasurement of the base on Hounslow Heath in 1791 by Captain Williams, Mudge, and Dalby
was only 213 inches di ff er emeanoffthre tvmwaR acgepted asne a s u

the true measurement.
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In 1785 Roy contributed a paper to the Transactions of the Royal Society on the measurement
of this base, which was separately published the same year in a quarto volume. On 30 Nov. he
was presentedith the Copley medal of the Royal Society for the skill with which he had
conducted the measurement of the base line on Hounslow Heath, accompanied by a highly
complimentary speech from the president. o

46 Seymour W A ed(1980 A history of the OrdnancBurvey, Dawson Press, Folkestone, Kent, p.4

a1 originally the measurements were attempted with woddea) rods and hinged chains, before
switching to glass rods for improved accuracy

48 William Mudge (17621820 was responsible for the completion of thig@nometrical Surveyl797)
and the extension of the Meridian into Scotland in 1813. Promoted to 1@a&oeral of the Ordnance
he was Director of the Ordnance Survey from 1791 until his death in 1820 and was made a Fellow of
the Royal Society in 1798

OHar 1 e y J B, Q8MDdhe®l OrdrmanceSurvey Maps of England and Wales, Vol 1,
Lympne Castle, Kent. The initial maps were actually published privately

50 Tobias Mayer(17231762 was originally a cartographer but became Prof of Economics and
Mathenatics at the University of Gottingen from 1751

51 ficolin Mackenzie(17541821) was Surveyor General of Madras in IndE807) and subsequently the
first Surveyor General of India. He came from the Outer Hebrides [Lewis], arrived in India in 1783 on
a missim to study Hindu mathematics at the request of the then current Lord Napier, and served with
the Madras Engineers from 1782 to 1821. His first surveys were in dindigul, Nellore and Guntur, and
in 1792, he was sent to survey Cuddapah and Kurnool, cedegdnréto the Nizam. After a military
expedition to Ceylon in 1792, Mackenzie returned to survey the Deccan, and continued there until
1799. After the death of Tipu, he was responsible fasrdinating the Survey of Myso(&79918090 .
Sources: DNB 1893%cottish Cultural Resources Netwd8CRAN, 2002; the British Museum,
Mackenzie Collection. It is not known whether Colin Mackenzie was a relative of Murdoch Mackenzie,
but it seems possible that some family connection existed, albeit distant. CM whkigbtbirth,
being the son of the first postmaster of Stornaway. MM dedicated one of his original series of Lewis
charts to Sir Alexander Mackenzie of Gairloch, and it is known that AM was a distant relation ef MM.
from various sources, including
Hewison W $(1998 Who was who in Orkney, Bellavista, Kirkwglirkney
Keay J(198)) India discovered, Windward, Leicester and
Anderson W(1862/3 The Scottish Nation, A Fullarton, Edinburgh

52 Keay J(2000 The great arc, Harper Collins, London; George Ewtmas not directly involved in the
measurement of the peak

53for a contemporary review see tRendulumsection of
Good R(ed) (1982Br i tt ends watch and clock makerds handb
Bloomsbury Books, London, pp.2385
A simple adjustment for verticality is to multiply the standard formulélbya?/16), where a is the

angle of deviation from true vertical. For a<l degree the adjustment is small
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S4Maclaurin, Mackenzi ed6s academic mentor kunghdUnifPersityf e s sor
referred to earlier, is perhaps best known today for the series expaiisiglor-Maclaurin serie¥ for
real valued differentiable functiongxf. His paper on tides followed extensive earlier correspondence
with other scientists on thehape of the earth. Maclaurin had details of all the recent measurements
made, and also conducted his own experiments and astronomical observations using instruments and a
clock provided to him by George Graham. In 1745 Maclaurin edited and publishedstiengflish
edition of Davi d (cdginally io LagyinpfsP reaacrtlii ceal w®eadmet ry o i n
lays out the basics of plane table surveying. See for exapgory D(1780 Practical geometry, 9
Edition, J. Balfour, Edinburgh

55 Equipatential: this concept was first defined by C F Gauss in a paper of 1828

56BennettJA(1989Ho okeds instruments f oHunterdMandShaeffley'S and n
(1989 (eds)Robert Hooke, New Studies, Boydisl | Press,
micrometer maymus)have dr awn i nspiration from Vernier©os
for use with a variety of instruments including quadrdttie Vernier Callipey, details of which were
published in 1631

57 Each clock face was inscribédSnr Jonas Moore Caused this Moveme
madeR1 676 by Tho Tompiond. The Octagon Room at FI
original movements that was subsequently modified to act as a domestic clock with anchoemiscapm
and one second pendulum, and replicas of the remaining clocks. The original escapment of these clocks
is not known for certain but is believed to be a form of deadqbming mechanism

58 Roberts D(1986 Precision pendulum clocks, Tonbridge, Englépidvate publication, pp.5153
59GeorgeGrahan(1674175])had been apprenticed to Tompi on, ma

eventually became his partner and successor. He was later to become a key supporter of chronometer
maker, John Harrisoifsee furtherSection3.3.3.4, and Master of both Mudge and Dutton

60 jesse Ramsdefl 7351800 invented the dividing engin@775 for accurate mechanical circle
division into degrees and fractions of a degree. The Board of Longitude alMairdeE615 in
recognition of the importance of this achievement. He also construct&iehé Theodolitg1782
1789 used by Roy and Mudge for the Trigonometrical Suihieyvas a thregfoot instrument weighing
over 200 Ibs and can be seen in the Mastituseum, Greenwich. This latter instrument has a scale
divided to 10 second intervals and could be read to 1 second using its micrometer microscope facility.
It is reported to have had an accuracy of 5 seconds or less of arc over 70 miles. TGegarm
Theodolitewas also used to describe the 1a§0lbg theodolite used by Lambton and Everest in the
survey of India and also to the large theodolite built by Troughton & Co for the US Coast and Geodetic
Survey in 1836

61 fitted with a 9 foot telescope dmicrometer adjustment

62Maupertius:is perhaps best known as the scientist who

in 1744 as the minimisation in nature of action, formulated as the integral of mass, velocity and
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distance. He was so taken witle idea that he proclaimed this as the first scientific proof of God, since
the existence of such a universal principle must indicate the hand of God!

63 A second team were sent to Pémear Quito, in Ecuador todayo perform similar measurements
(17351743 which together with the findings from Lapland led to the first modern ellipsoidal definition
of the Eart hods srajarpods; 6,3971800M, Algtt8njng: #/216.& enoouragingly close
to todayoés values, cited earlier

54 Danson E(200]) Drawing the line, [the Mason Dixon line], J Wiley, New York. The Md3iowon line
was surveyed in order to resolve a lemgpning dispute over the precise location of the borders of
Pennsylvania, Maryland and Delaware. The exact border positioning coulderdgreed once the
technical skills and the availability of precision instruments combined to make a solution achievable.
This was not possible until 1763, when Mason and Dixon commenced their surveying using precision
instruments produced by Bird, follavg a number of prior attempts using inferior instruments and
techniques which had failed. The quality of their work and instruments was outstanding, although the
separate measurements they made which were designed to assist the Royal Society in its work to
determine the precise size and shape of the earth, were marginally influenced by the relative
gravitational effects of having been conducted between the Atlantic on one side and the mass of the
Appalachians on the other.

55 Mackenzie M(1774 A Treatise oMaratim [sic] Surveying, London, E & C Dilly. It is stated by
Robinson A H W(1962 Marine cartography in Britain, Leicester Univ. Press, Leicester, Ch.3, that
Mackenzieb6s theodolite during the Hebri ditked sur ve
with Vernier scales was poorly graduat@d 5;of arc) - the original source of this information is not
recorded

66 variously spelt Clowdisley, Cloudisley, Cloudesley

57 the principal losses were the flagship, the Association, with 95 guns ande®00mioard, the Eagle
(70 gun}, the RomneyRumney, 50 guhpsand the Firebranda fireship. The George also struck the
rocks but did not sink. The Lenox, whose shipbs
as he believed they were off theilly Isles and not Ushant, was unscathed. The remains of either the
Eagle or the Romney are believed to lie at Tearing Ledge adjacent to BishoBbBR.3 N 06° 26.7
W), Isles of Scilly over an area within 200m radius of position 49° 52' 12" N2®&9" W

%8 Cooke J H(1883 The shipwreck of Sir Cloudesley Shovell on the Scilly Islands, in 1707 from original
and contemporary documents hitherto unpublished; pamphlet read at a meeting of the Society of
Antiquaries, London, Feb 1883, J Bellows, Gkester. Manuscript account after the event by Mr E H
Herbert in 1709
% Graeme Spenceawvas apprenticed to Murdoch Mackentiar?) and subsequently succeeded him as
6Marati me Surveyor to the Admiraltyd iMMVHe7 88, p
was a cousin of MM, and a descendant of Bishop Mackenzie of the Orkneys. His remarkable map of the
Scilly Isles includes a region identified for #f\
stead for Men of War ofacsikile of dis Scilyrlseesimap mad recenifybbedn | i s h e
published by the UKHO
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®His 1812 document to the Admiral:t y was entitled
for Line of Battle Ships in a National Roadstead called Scapa Flow formed Bytitte Isles of
Orkneyd emphasising its possible use as a Naval
First World War and required the building of the Churchill Barriers from 1940 to secure the base from
U-boats following the sinking of tlieoyal Oak in Scapa Flow in 1939. See for example,

http://www.undiscoveredscotland.co.uk/eastmainland/churcfili/more details and images

in 1779 Dalrympl€op.cit) was apointed as hydrographer to the East India Company, and in 1795,

as first Hydrographer to the Admiralty with an initial staff of two.

P?see for example, the AAdmiralty Manuals of Hydr
especiallyh¥YomedsChe®enrnflT of distanceo. I n this €
and related technologies, and state: fAé it is Ve
have superseded the ol der mechanical oneso.

Bthe University of Gottingewas founded by George Il of Englafahd Hannoverin 1737

“The Board also awarded A300 to L Euler: Mayer ds
Astronomer Royal, Neville Maskelyne, in 1770.

> Cook J(1777 A Voyage towards the South Pole and RaedwWorld, Vols. | and Il, W Strachan and
T Cadell, London. Cook states that the Board of
instruments, for making both astronomical and nautical observations and experiments; and likewise
four timepieces or watch machines; three made by Mr Arnold, and one made by Mr Kendal on Mr
Harrisonds principles. o p. XXXV
Betts J(1993 James Cook andthe"€ ent ury transit of Venus, in AT
di mension: The hi st @adfaJoint meeting ohthek RoyalpSocrety andthd® a p e r
Antiquarian Horological Society, 25/6/1993
Hough R (1994 Captain James Cooka biography, Hodder and Stoughton, London; Hough, quoting
research by Skeltofp.28 st at es t hat Co ok 6 asedwon thioseyof Magkenaieand o d s
Dalrymple.

"® Thomas Mudgg1717%1794 is attributed with the invention of the lever escapment in 1757 and was
awarded £3000 by the Board of Longitude following sea trials of his first chronometer in 1774. He had
been appremted to George Graharin May 1720 for 7 yea)sand worked for both Graham and
Ellicott before setting up his own business in 1%¥iliam Mudge, the surveyofop. cit) was his
nephew

Tin 1794/5 attempts were made to impose the use of the decimalciocdk,h mi dday itmei ng 5
small number of watches and public clocks were made to this design or modified to show decimal
hours, but by 1801 the practice had all but disappeared.

"8 Sobel D(1996 Longitude, Fourth Estate, London

®Gould R T(1922 The marine chronometdrits history and development, reprinted 1989, Antique
Collectors Club, Woodbridge, Suffolk, England
Landes D 2000 Revolution in time, Viking Pre$2™ ed), London, p.199 et. seq.
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80 Electric telegraph many scientists contributed the ultimate development of the electric telegraph,
most notably Morse. Well before Morse, C F Gauss and his colleague, W Weber had produced a
working telegraph which they used in Géttingen from 1833.

81for an excellent summary of mathematical devetagmat this time, see Chapters2% and Ch.37
in:
Kline M (1972 Mathematical thought from ancient to modern times, Oxford Univ. Press, Oxford,
especially Ch. 23 AAnalytic and differential geor
differentd geometry of Gauss and Riemanno; see al so:
Kline M (1980 Mathematics the loss of certainty, Oxford University Press, New York, Ch. Ill, and
Gray J(1989 Ideas of space, Clarendon Press, Oxford
for summary biographies of over 1500 mathematicians,heeBniversity of St Andrews history of

mathematics web sit@itp://wwwgap.dcs.stand.ac.uk/~history/

823 H Lambert(17281777), amongst many other notable results, provided the first rigoroosf phatp
is an irrational number
83 Trans. byTobler W R(1972) with an introduction, Michigan Geog. Pub. 8, Ann Arbor, Michigan as
Lambert J H(1772 Notes and comments on the composition of terrestrial and celestial maps
84 Lambert J H (1765 Beytrdge am Gebrauche der Mathematik und deren Andwendung, Wb|s |
Berin(fContri butions to the pract)ce of mathemati c:¢
85 Although C Hor K F) Gauss is credited with the original development and interpretation of the least
squares methods providing the Begt.e. minimum variangeLinear Unbiased Estimat@LUE), A-M
Legendre(17521833 was the first to publish details of the method in 1805; a translation of a section
of Legendreds descr i pt iSmithD&(fl959 Asowsce hvektirhod i s pr o\
mathematics, Vol. 2, Dover Publications, New Yogkrint of the 1929 editign pp: 576579; see
further:
Plackett R L(1972 The discovery of the method of least squares, Biometrika, 525439
Stigler S M(1986 The history of stisticsi the measurement of uncertainty before 1900, Harvard
Univ. Press, Harvard; see Part 1, The development of mathematical statistics in Astronomy and
Geodesy
For modern treatments on errors and uncertainty in this context, see:
Kuang S(1996 Geodett network analysis and optimal design, Ann Arbor Press, Michigatably
Ch.4 on least squares adjustme@ind Zhang J, Goodchild M F(2002 Uncertainty in geographic
information, Taylor and Francis, LonderBection 3.2 discusses Land Surveying andtiBod-ixing
86 for excellent coverage of the history and practice of Geodesy from the e&tgi@ry onwards, see:
Clarke A R(1880 Geodesy, Clarendon press, Oxford, and
Bomford, Brigadier G(1962 Geodesy, Clarendon press, Oxford
Gauss subsequentye vel oped these ideas in 1829 in an ext.
action, to cover the behaviour of multiple bodies, in his Principle of least constraint.
8p.s Laplace(17491827 was a major figure in the early development of probabitigoty(Théorie

Analytique des Probabilités, 18)LZnd an active member of the metrification project committee. One
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of Laplaceds most interest.i (L7P6 lmabasvery moddrn ferirosit, ma d e
i... the smal lionpfthe Baghbandaicdmegt cam became Vety great in adding over a

long sequence of centuries. It is easy to picture the effects of this impact on the Earth. The axis and the
motion of rotation have changed, the seas abandoning their old positiodargegart of men and

animals drowned in this universal deluge, or destroyed by the violent tremor imparted to the terrestrial

gl obeo

88 de Moivre who lived in London for much of his life, provided his own translation in English of this
paper whichwasogi nal ly written in Latin. This paper, |
provided inSmith D E(1959 A source book in mathematics, Vol. 2, Dover Publications, New York

(reprint of the 1929 editign pp: 566575

89 see furtherJohnson N I, Kotz S1970 Continuous univariate distributions, Vol I, Ch.13, Houghton

Mifflin, Boston
90 after Jakob Steine(17931863 who studied this problem in some detalil
91SheninOB(1979)Gaussc“)s theory of errors, Ar<dhive for hi

92| Euler (17071783 was perhaps the most prolific mathematician that has ever lived. He wrote
hundreds of books and articles, many of which were produced after he became blind. Amongst his many
key contributions, Euler is regarded as the originator of graphrhdo connection with his analysis
of the fAK°nNni gsb ¢l73§ and the fdugderdmf the caiclius ef rariatiqdg40. He
also wrote a number of important papers on projections and conformal transformations over the period
17681775

9 Ge n solutioh of the problem to so represent the parts of one given surface upon another given
surface that the representation shall +dae similar
translation of this paper is provided Bmith D E(1959 A souce book in mathematics, Vol. 2, Dover
Publications, New Yorkeprint of the 1929 editign pp: 463475; A modern definition of a conformal
mapping or transformatiorf, based on the use of complex varialfl#so introduced by Gauss in this
contexj would be as follows: a transformation functibnwheref:RxR - RxR is conformal if(x,y) =
f(u,? is given by an analytic functidf, whereF: C- Cand x +iy = Hu + it)

94 the use of intrinsic representation was an idea introduced by Euler in 1771

% this expression is known as the First Fundamental Form

9 current thinking suggests that Gauss, Lobachevsky and Bolyai all arrived at their formulations of non

Euclidean geometry independently, despite the claims of some, notably M Kline, to the precedence of
Gaus. Lobachevsky was certainly the first to publish in this field, but his work appeared in Russian
and was not widely known at the time
GFB Riemann(18261869 completed his PhD under the supervision of Gauss and gave-his all
i mportant | gptodrhese®Gn tthlae Hie at the foAindati on
translation of this lecture is provided 8mith D E(1959 A source book in mathematics, Vol. 2,
Dover Publications, New Yolkeprint of the 1929 edition pp: 41%425. He is perhaplest known
today as the originator of the fARRenanzeta Hypot he:s
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function and the distribution of prime numbers. A prize of $1million has been offered for the proof of
this hypothesis by the Clay Mathematicsngtio ne of 7 such OMi Il |l enni umb

established by the Instityte

%8 see p.420 of the translation cited immediately above

99 Baudot and ITA2 the code invented by J M E Baudot in 1870 was based upon that of Gauss and
Weber. The data communins termbaudor baud rateis named after Baudot and refers to the
number of discrete signal events that can be transmitted per sGttmete are two possible events
this is equivalent to bits/second else bits/second isxbaggh where n is the numbef events or states
permitted. Baudotds coding sought to overcome the | i/
with a 5bit coding scheme. He introduced the idea of a SHNWN&nd SHIFFOUT pattern, equivalent
to RRRRR and RRLRR in Gagebercoding or 11111 and 11011 in binary. These codes indicated
that all subsequent codes were either shiftedi®ters only or OUT (humbers, symbols and functions
only). In this way he extended the code to provide up 1&62-2) usable codes. This form odding
continued in use until 1900. It too required extension, ideally by a more powerful coding scheme rather
than extending the notion of SHIFT sequences. To extend the character set, functions, symbols and case
selection facilities required by compuseaind word processors, theb& code known as ASCII was

developed and is one of a family of digital coding systems used today

1005 Europeaninitiated project codenamed Galileo is currently scheduled to provide a new, separate

set of 30 advanced GPS orhiji satellites delivering 1 metre resolution and a range of additional
facilities for transport and other applications. EEC approval for the project was given in March 2002
although there has been much debate about its funding and currently the systeectisceto be
operational by 2008. Sewtp://europa.eu.int/comm/dgs/energy_transport/galileo/index_erfdrtfall

details.

The Atomic clocks used within GPS satellited alsewhere (which are not adjusted with leap seconds)

are increasingly out of synch with universal terrestrial time (UTC, dating from 1/1/1972) due to the
regul ar variations in the earthés rotational S p e
since the GPS system was set up (19808 discrepency is currently around 13 seconds. See the

International Earth Rotation Service (IERS) websditegp://hpiers.obspm.frfor more details
101

since regulatory chages in May 2000

102 Gps receivers include a buitt world Geoid model based on the 1996 global spherical harmonic
model. Many modern receivers include a large number of alternative datum r(fd@@43 for use with
different charts, although even today marmajustments may be necessary to tie in with oldem
some cases, neWarharts. For a discussion of various aspects of altitude determination see:
http://mtp.jpl.nasa.gov/notes/dltide/altitude.html

103 http://www.gps.gov.uk

87


http://europa.eu.int/comm/dgs/energy_transport/galileo/index_en.htm
http://hpiers.obspm.fr/
http://mtp.jpl.nasa.gov/notes/altitude/altitude.html
http://www.gps.gov.uk/

Distance and metrics

4 Distance and metrics

In this Chapter we consider the notion of distance from a formal perspective. This
involves a close examination of the terms metric and metric space. A variety of different
measures of distance are discussed, with special attention jp&ithgo those meeting

the formal requirements for a metric in comparison to measures which fall a little or a

great deal short of these requirements.

In connection with the Euclidean metric we derive two new approximations for this
measure: the first ia computationally efficient nested multiplicative formula based on
a power series representation; and the second, a form of optimal linear approximation
based on lattice models originally developed in the field of image processing. We also
introduce thredamilies of measure which are the subject of more detailed study and
application later in this research: Riemannian metrics; Chamfer metrics; and Hybrid
metrics. We utilise the Riemannian form to derive a general solution to the problem of
determining leat cost paths over surfaces of variable topography. Analytic solutions

are presented for simple cost functions both here and in Annex 2.

We conclude this Chapter by examining the notion of path, arguing that the concepts of
distance and path are closdigked- even if a path is not an explicit part of an

expression for distance, it is implicit. These considerations lead naturally onto a closer
examination of the measurement process and the concept of path, which are the subject
of Chapter 5.
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4.1 Introduction

Spaces of interest in geographical research are complex and diverse ih Fature

example: the set of all offices in London together with all physical transport channels
bet ween these offices may be usedanyt o def |
two offices being defined by the time taken for a person to move between them by the
quickest route at a given time of day. If distances are to be measured in terms of process
and activity (functional distancesthen the conventional rules used fog th

measurement of distance must be changed and the tools of spatial anadysisiaeed

in the light of such changes. For example, since many cities possess a rectilinear or
nearrectilinear road layout, a distance measure that accounts for this idbtesira

However, the implications of changing from the familiar Euclidean formulae to

alternative measures needs investigation and justification. Close inspection shows that
whilst many of the basic properties of alternative measures may be similar oratjentic
they differ in important ways that affect their usefulness and interpretation. In the
Sections that follow we consider what constitutes a metric, what other measures of

distance are useful, and what issues arise from the findings presented.

4.2 Metrics

Theessential features of the notion of distance are:

0] a finite or infinite set of distinct, definable objects, and
(i) a rule or set of rules for determining the degree of separation of object pairs

(a O6measureo).
In addition objects and rules may vary otiare, the measure may be process
activity-related and will generally be numeriaypically from the set of positive real

numbersA.. A conventional distance mettjdl;, is of the form:

dj >0 ifi, ] (distinction or separation) dj =0 ifi=) (co-location or equivalence)

dij + dx O i« (thiangle inequality) dij = d;i (symmetry)
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wherei andj are elements (or points) from some-piefined set of objects or elements,

E. Frequently the séf = A X A = A 2, the set of pairs of real numbers and the measure

dj is the Euclidean diahce metric, with{E, d) thus defining 2dimensional Euclidean

space. However, if a set of distance measurements satisfies the conditions above it does
not imply that they can be represented in Euclidean space, i.e. these are necessary but

not sufficient onditions for a Euclidean mapping to be possible.

If the pointj is fixed (e.g. set to 0) ardj is a constant, then the metric equation
describes a locus of points (e.g. a circle, an ellipse, a sphere) about the fixed point. In
this way we may compasdl metrics ind 2by drawing the graph of their locus about

the origir?.

It is reasonable to ask what sort of function satisfies these requireimeantdoes it

have to be the standard Euclidean formula? In order to satisfy the first two conditions
themeasure must yield a positive or zero result. Assuming (initially) that a measure of
distance needs to utilise a simple algebraic function of the difference between
coordinates as a basis for separation, we must either take the absolute value of this
difference, e.gx{ i x|, or an even power, e.g. 2 or 4. In practice both approaches can
be used although use of th& @r higher even powers is unusual. These expressions
applied to realalued coordinates over uniformly continuous space also lead to the
symmetric condition being met. If a power such as 2, or more generalig used, it is
customary to remove the effect subsequently by takingtmeot of summed

differences this is necessary in order to satisfy the metric conditions above for all
These power/root procedures are similar to the computation of achagistical
measures such as central tendency, e.g. the variance and standard deWation (2
moments) in 4, 2-, or n-dimensional populations. These latter measures can be seen as
metric-like constructs with respect to the population mean or origmti@eand crude

moments). Likewise, the distance function:

1
d(f,9) = f{f(0)- g(x)*dx
0
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wheref(x) andg(x) are realvalued functions over [0,1], is a metric. In this case the

metric provides a formulation for o6l east

A very differentapproach to the definition of a metric without requiring the use of even

powers or absolute values is to consider only positive values. For example, the function:

dx,y) =1 ifxy

=0 otherwise

satisfies all of the requirements above and is knasvthediscrete metric

The set of conditions for a function to be a metric are so familiar that it may seem odd
to question their validity, but there are several aspects of the underlying concept that are

unsatisfactory in many, arguably most, realrld situations.

The first is that a single measure is assumed to apply for all pairs of vakieBhis

fits with our experience of measurement on sheets of paper (e.g. maps, building plans)
and over a moderate extent of free space (e.qg. in air), basaisfactory in almost all

other situations. It is very unusual for space to be completely homogeneous, with no
variation by direction or region. For this reason one can argue that distance measures
should reflect such variatiofisto have different formlations depending on where/in

what direction and how the measurement in being conducted. Related to this point is a
guestion of scalé over very small regions of space, e.g. on our sheet of paper, across
the office floor, within a small plot of land, the top of a nearby building, there is a

good chance that using a single metric model will provide excellent (consistent,
accurate) results. Beyond these tight confines it is unlikely that a measure based solely
on knowledge of the location (coordinateg}he origin and destination will be

sufficient to provide similarly excellent results. Additional knowledge, specific to the
conditions and problem under consideration, is needed to adjust the formulation to

provide acceptable results.

The second issueises from the first and from the triangularity requirement. This is the
guestion ofimpliedpathsi since the measure selected applies for all pairs of points in
E, and triangularity holds, it implies that there is some p&int, 6 bet weeno6é t he
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and destinatiorj, Continued extension of this notion leads to a specific structure, being
a finite or infinite set (or sets) of points lying betweemdj, corresponding to the

notion of apath (see further, Sectioh.3). There is an apparent contradiction in this
position, however, since the metric selected (such as thbloitik metric) may have

been derived from an assumption that the true paths travelled have a particular form,
which may be different in general from tpeints of the path as defined above. The
contradiction resolves itself, however, if the available path points are restricted to lie

always on the physical network and namqueness of shortest paths is accepted.

These observations suggest that distaneasmrement formulae canly be applied at a
scale (within a region) for which the results can be confirmed to be consistent
(invariant) for all pairs of points in that region. The use of formulae for the
measurement of distance is traupriori alocal concept. The rules above therefore
describeweakconditions. If the rules can be shown to apply across the entire set of
elementsE, then the termveakcan be omitted. If not, the formulation remains founded

onweakconditions and must be augmented by tbigom of path

Another issue related to the scale question is that of normalisation or standardisation.
When comparing measurements taken from mapped datapoints the individual results
must be adjusted by the relevant scaling used (e.g. 1:25,000 vs00a)0M, a similar
manner, when aetof distance measurements are made on afAgetfid these need to

be compared to a second set of measurements made orB et the number of
measurements and the size of each individual measurement affectiageotals.
Standardisation may be achieved using the range of values for each set, the standard
deviation of each set, or by the use of an alternative, standardising metric (see further,

below).

A more general, activity or infrastructuspecific deinition of distance between pairs

of objects, S/ E, might drop some of the strict metric requirements, such as symmetry,
triangularity or distinction. To illustrate this further, suppose we were looking to house
700 staff within easy walking distance ostation, with four offices available (one

located at the station):

92



Distance and metrics

Objects, S Attributes, A

Office Time to walk to station, Number of staff that could
minutes be located at site

1 a1 =5 a2 =700

2 an=7 az =700

3 az1 =3 as2 = 300

4 Station asnn =0 as2 = 200

In this example only Offices 1 and 2 have the capacity to take the staff and Office 1

yields a timeweighted distance of 3500 as compared to 4900 for Office 2. However, if

the staff can be split across offices based on proximity tatéiers (and only part of

Office 1 can be used), the total tirdei st ance can be reduced to
based on the time taken to walk to the station, times the number of staff at each location

(summed if necessary across sites).

In the above xaample we have no idea whether the offices are located along a single
road, to the left or right of the station, or perhaps distributed within a region. The
measure selected for the decisioaking process is not a (geographic) metric.
However, if it werenecessary for staff in one office to visit another office on a regular
basis (e.g. to go to the canteen for lunch, or to a centralised information source)
additional information would be required (e.g. the travel time between each location)
which would impse a degree of metric consistency upon the problem. This example
extends to more tangible location planning considerations when we might replace the
walking time with intersite telecommunication bandwidth requirements and associated
direct and indirect@sts. Note also that the symmetry condition is not aguaisite in

such cases (and has frequently been found not to apply in many physical space and

cognitive studiedy.

Taking the distinction and elocation rules athe fundamental building blockof any
kind of metriclike space, it is possible to ask whether symmetry AND triangularity
constraints are both prequisites for useful measures. We examine each of these cases

below:

4.2.1 Generalised or Quasi-metric

If the triangularity condition applies baymmetry does not hold, the resultant space is
described as a generalisegtric by Shreidéy drawing on work of earlier 20century

mathematicians. An example of this case is travel times in urban regions, where it is
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frequently easier/faster to traiebm A to B thanBto A1 for example, getting a taxi

from a mainline railway station to a suburban location is often much simpler (and may
be quicker) than the reverse. This kind of lack of symmetry applies in many situations,
such as cases where thesaidirectional flow or pressure, e.g. traffic flow at different
times of day, transatlantic flights affected by winds,-omg systems, differential

service tariffs or service availability by time of day/week, slopes to ascend/descend and
so forth.

Circul ar routes, such as the inner and out e
underground systenfrigure4-1) also provide an example of a quasetric space. This

service operates one clockwise and one@ntikwise route, edrcof length 10.4kms

and transit time of 24 minutes. On a given circuit, the joutmag from Kelvinbridge

to Hillhead, for example, which is2 minutes, is clearly not the same as Hillhead to
Kelvinbridge (over 20 minutes), and between stations it erlgieot possible to change

circuits.

Figure 4-1 Glasgow's Clockwork Orange Underground

Hillhead Kelvinbridge St George's Cross  Cowcaddens

Ibrox Cessnock  Kinning Park Shields Road West Street
Copyright @ 2001 Strathclyde Passenger Transport www.spt.co.uk
I Inner circle = Outer circle == Rail interchange &2 Park and Ride A%y Cycle lockers

© Strathclyde Passenger Transport

Asymmetry is also a characteristic of a number of telecommunications facilitiess wh
some modem standards (e.g. CCITT V.23) and the more recent®A&3Inologies
operate in this way information is generally received at a faster rate than it can be

transmitted. A similar situation applies in many hybrid broadcast/telecommunications
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systems, such as satellite, coax or filopic downstream and copper/cable upstream.
Pure broadcast technologies, such as terrestrial television and radio, are strigtgyone
and only facilitate tweway communication via completely separate media (ssgost

or email). This kind of asymmetry reflects a fundamental human charactérstic

ability to receive and process information is far greater than our ability to respond to it

in an active manner.

Although the generalised or quasetric is usefulwidely applicable and readily
understandable, it does not conform to strict metric behaviour. In particular this means
that solutions to problems involving the minimisation of travel or communication and
related paths cannot be derived from source, degimand link information alone.
However, asymmetry is commonplace and requires explicit inclusion in modelling and

design.

Asymmetry effects can be removed by setting:

d*(i,j) =[d(ij) +d@.nly2  or  d*(ij) =max {di,), d(.i)}

If a quasimetricspace exhibitsveaksymmetry (i.e. ifd(x,y) = d(y,X) for all (x,y) that

are sufficiently close to each other) then the space is describathdsran quasi
metricspace. Such spaces are topologically equivalent to metric spaces. It is clear that
the Clakwork Orange example above provides a guasiric space that is not uniform.
However, SmitPstates that the addition of weak symmetry to a gueetiic space is all
that is required in order for continuous shortest paths to exist (i.e. large scaletgymme
IS not a prerequisite).

4.2.2 Semi-metric

If the symmetry constraint is applied without triangularity the resultant space has been

described as a semietric by Blumenthaf. This case envisages the possibility that

dj + dik < di

which offendsournotin o f hleestsweeamd t hus of convent

and space. An example of such as space would be that of flight times, where for
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example direct flights between locations that are geographically further apart are
frequently quicker (closen time) than multiple hop journeys. A similar pattern can be
found with railway and other transport timetables, where express trains and stopping
trains in combination may reach a destination faster than a direct stopping train, even

though the rail distace travelled may be greater.

It may not be possible to draw a tisme spaceconsistent map of a semietric spac¥,

but this does not mean that the measure used is not valuable. Indeed, in some such cases
noncartographic representations (e.g. GISnm#representation, to/from matrices) of

the data are more meaningful. In the case where weak triangularity holds (i.e.

triangularity holds only within small regions where points are close to each other) the
termuniform semimetricis used. An hypothetat example of such a space might be

road journey times in a city, where within small regions (a few streets of similar type) it

is always quicker to go fromto b rather thara to c to b, whilst across the city with

varied road structures and routiggo c to b might be faster thaato b.

4.2.3 Pseudometric

The termpseudometritias been used by some authors to refer to measures which may
have some or most of the characteristics of a true metric, but for divch is

permitted when, j. For example, a meare which compares population densities
amongst a sample of cities@s= |densityi density] would satisfy the requirements of
co-location, triangularity and symmetry but not distinctness. A second example is the
measurement and mapping of the refatilistribution of wealth in 198 regions of the
European Unioii an important factor in the understanding integional flows and for

the determination of regional poliepaking and funds distribution. In this case

researchers chose the measure of tha:for

|)§'Xj|

i X +Xj
wherex; , x; = GDP per inhabitant for neighbouring (contiguous) regiargd]j. This
measure has been normalised by the divisor selected, and is a symmetric dissimilarity
index indicating the relative gradient of wealth beswadjacent regions. Measures of
this type have also been used as means of evaluatingamidtia location selection

96



Distance and metrics

problems, in which case the sum over all the criteria is taken and optionally

standardised, e.g. by division by the maximum value, rangariance.

4.2.4 Metrics and metric space

If both symmetry and triangle constraints are valid, in addition to distinctness-and co
location then the result israetric, d. When coupled with a set of elements or poits,
collectively these determinenaetricspace (E,d). Such spaces include the familiar
Euclidean space of 1, 2 and 3+ dimensions and more complex spaces such as curved

surfaces, including the sphere and ellipsoid.

Beguinand Thissehave proposed that o6éabsolate geo
metric space triplet (Buple):{ E, whereEdsla set of places (objects)is a

distance metric anglis an area measure. This definition they then extended to include
attributesgi:  { E, i} wdhich they, there describe (p.332) as:

fa gl obal and Or el ncdwhatspace conptainsspotv o f s |
integrated into the definitiono

This definition embraces that which is now provided as central to Geographic
Information Science. In this context the Varenius Project (op. cit.) has used the
following definition:

i é t hdamehtal primitive element of geographic information is the tuple
<x,Y,z,t,U> where U represents some thing present at some lo¢afon,)
inspacet i me . O

Note that this |l atter definition does nol
metic characteristics of the space, although in both definitions the normal assumption is
that the spaces to be analysed will be assumedntebre. It also assumes that the
components of the tuples are intrinsically knowable and uniquely défiassumpbns
which are convenient but not necessarily
measurability, which have a bearing on these observations, are discussed in some detail

in the next Chapter.

The requirement that geographic space be metribedao rigid a constraint, as has

been shown in earlier examples. However, much of the theoretical analysis in this study
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focuses upon such spaces. It then uses the insights and results obtained from the
analyses to solve realorld problems where GIS datiaples are available or can be

collected.

Some example metrics, which will be discussed in greater detail later in this study, are
given in the table belowr@ble4-1).

Table 4-1 Sample metrics

Type Space Example metric, d(x,y)
1 Real numbers, A X -yl
2 Euclidean 2-space, A 2 - X)) +(y- 2
pace, (X-x)"+(y- y)
. é n O’U P
Ordered n-tuples {x,y}, A " o _ P <
3 (Lp or Minkowski metric?) ?ib(' yi| 0 P O 1
i= -
P n
4 Ordered n-tuples {x,y}, A" a | XY |
(Canberra metric) o | X |+ | Y, |
Xj
Real positive integrable functions of ~
5 | one variable, f(x) | Af (x)dx|
X
6 Curved n-space; C is a geodesic arc
(Riemannian metric)
Spherical surface (great circle
7 metric), polar coordinates (f,/), Rcos 1[sin fisinf, +cosf, cosf, cos(/, - /2)]
cosine form
At his metric, attributed to Minkowski, is actually der
an alternative measur e, i ncorporating timepasend t he spe

study we use the term Lp metric in preference to avoid confusion.

42.4.1 Euclidean metric

Type 1 is simply the absolute difference between any two points on the real line (similar
to the metric used in problems of optimum location along a road/linetarég. Taking

the square of this measure and then evaluating the square root (or any other power
combination) leaves the formulation unchanged. As such, it provides the simplest
version of metrics such as the Cartesian (Pythagorean) formula for distamce i

dimensional Euclidean space.
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Type 2 is the familiar Cartesian metric of Euclideasp2ce. It is a particular instance
of the more general functions described by Types 3 and 6. If thed(alygis fixed the
metric can be seen to be the equatioa oircle, radiusl and centrex,y1), or a circular
cone if multiple values af are taken and mapped ifCB The metric is thus rotationally
symmetric. If we substitutax for x, wherea is a positive constant, we still have a
metric, but it is no longesymmetric in this sense and for fixddan be seen to be the

equation of an ellipse.

Most GIS packages use the symmetric Euclidean measure when computing distances
bet ween coordinate pairs and for calcul al

the GISbufferoperation).

The Euclidean metric utilises a formula that is familiar to almost everyone, but it can be
a rather inconvenient expression to work with because it involves the use of square
roots. For example, minimising an expression inw@\whis measure, such as a sum of
weighted distances, involves finding the partial differentials of the function with respect
to x andy. Lettings = d(x,y) it is easy to see that the two differentials are:

%%

=(x-x)/s and E=(y-yl)/s thus B,
Hy HX

wherez =( y-y1)/(x-x1). These formulae and results are inconvenient and complex from
both a calculation perspective (now resolved for a moderate number of calculations by
the ready availability of calculators and conmgrs) and more importantly, from an

analytic perspective. If the squared Euclidean distance rather than the standard formula
is used the partial differentials yield linear expressions, and for some applications such
as spatial centroid calculation and lestgiares estimates, this forms the basis of the

analytic methods applied.

It is possible, however, torite the original formula in a number of ways that are
more convenient to work with for many problems and/or involve less processor
intensive operabins. Suppose we wish to calculate the distagaesing the standard

Euclidean metric in the plane:
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5= (% %) +(%- o)’
Divide through by the larger of the or y- differences, i.e. let
X=(X1-X2), Y=(y1-Y2), v=min {X, y}, w=max {X, y}, z=viviw, 0), z=0 (w=0)

thenO ¢z ¢ 1, and we can write:

s=wWZ2+1

If we only consider very small distanceés, and without loss of generality we assume

w=X then this expression can be written as:
ds = dx/(dy/dx)® +1

In this formulation it can be seen that the length of a differentiable plane giixyecan

be found by differentiating the expression for the curve and integrating both sides:

s= ffis=f/((y'(x)* +1)dx

This formulation is used in the next subsection (and Annex @iinpute path costs

where incremental distance is of the fatst=FdsandF is a simple nofuniform

positive cost function defined across the plane. If the curve, orygathis either not
differentiable everywhere or not a plane curve (e.g. it iglageross a surface such as a
physical landscape) this formulation no longer holds and alternative expressions and
methods must be sought. This case is discussed in several of the Sections that follow.

A second incremental reformulation of the Cartes@amfila using the same model as

before, is:

ds = dx/tar’ g +1 = sequlx
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wheregis the angle made by the line between the two coordinate points axetise
This provides the basis for an alternative method of path length estimation, as described
in Section5.2.7, below.

Another useful reformulation we consider is to expand the expression as a power

seried3in zaboutz=0:

s=w(l+2z*/2- z*/8+7°/16- 52°/128 + ¢)

The value of the error terme, is e ¢ 0.00002whenz ¢ 0.5, and remainsmall (well

under 1%) for values af ¢ 0.9999.If required, precision can be improved further by
adding the term 7219256 0r can be reduced for the sake of increased analytic or
computational convenience by removing one or more of the higher temxfsan

example, limiting the series to only 3 terms still provides accuracy of better than 3% at
z=0.5. Furthermore, lettinp=z*z/2 the power series can be written without the need for

any explicit power calculations thus providing improved computationairacg, as:

S=w(1+b(1- 0.50(1- b(1- 0.62%))))

This estimate has a mean accuracy of under 0.05% and a maximum error of 0.27%.

Without loss of generality we can assuwrex, multiply through byx, to obtain the

revised series:

s=x+Yy*/2x- y*/8x* + y°/16x° - 5y°/128x" + e

We can now dferentiate this function with respectxandy to produce two further
power series, first fox (re-introducing the expression faand dropping the highest

order term, we have):

=1- 72?/2+32*/8- 52°/16

%5
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Similarly fory:

=z(1- 2°/2+32/8- 52°/16)

|5

from which we see that, as before:

Reducing the number of terms in a power series results in loss of precision, although
very accurate approximations to circudecscan be achieved with polynomials of order
fivel%, These remain andlcally awkward to use and other options warrant

investigation.

One alternative approach is to seek an optimal linear approximation. A remarkably
accurate linear estimate can be derived from recent research into thehamfsr

metrics® in image procssing (see further, Secti@n2.8. The expression:
s=0.36930 +0.95509v

wherev andw are defined as above, estimasés within 2% on average and within

6.35% for allv, w. Summations which utilise this expression ineymbsitive and

negative errors of estimate and this tends to reduce errors fudtrers in the sum of

three or more figures rarely exceeding 3%. Furthermore, minimisation of a sum of

di stances from a set of poi nhismodelsimplyn unKk.
involves minimisation of the sums of the maximum differences and minimum

differences. This can be achieved very rapidly by simple binary chop iteration or similar
procedures, where the search space is restricted to the max and min fvdlaes o

coordinates in the set (i.e. differences in either x or y, whichever is the greater).
Note that the expression
s=(- 1442 v+10*w
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provides a less accurate approximation in most cases (it provides a better approximation
only along the diagonsland NS-E-W radii from a sample point). The former

expression fos may be rewritten as:

$=0.36930% - X% |+0.95509y, - y,| if [x- XKy, - V,]|
$=0.3693Qy; - ¥, |+0.95509 % - X | if % - %P V- V,|

The two inequalities, coupled with evaluating the expressian positive and negative
values forx andy (4 quadrants) results in an octagonal locus as an approximation to the
true circular form of the Euclidean metric. Closer approximations can be achieved by
the introduction of additional inequalities, but ihgprovement gained may be

outweighed by the solution complexity. If distances are selected using polar rather than
Cartesian coordinates in the plane it is possible to obtain a very slight improvement to
the linear approximation above (this topic is disaasin more detail in the next

Chapter, Sectiob.2.8 in the context of lattice approximations and distance

transforms).

The Euclidean metric (and approximations to it) provides a distance value for the
separation of a singleair of points. It is possible for this distance to be computed on
the same basis but via an intermediary pétp,q), such that itd(x,y) represents the

Euclidean distance between the pow#dy, then a new metric can be defined as:

de(x,y) =d(x,P) +d(P,y) if x, y, dp(X,y)=0 ifx=y

This is an example of faybrid Euclidean metric, since the formulation involves a

distance calculation using the Euclidean measures but taken via an intermediate point. It
iIs sometimes described as the Pd$ic® metric, and applies to situations in which all

traffic (physical, electronic, data etc) must be routed via a specified location. A variety

of other hybrid metrics are discussed later in this Chapter and in Cbapistance

Statistics

103



Distance and metrics

4.2.4.2 Lpor Minkowski inequality metrics and related forms

Type 3 inTable4-1is the same as Type 2nE2 andp=2. However, if0 < p < 1then
the measure is a semietric since the triangle ingeality no longer hold$. Shreider has
discussed this case for points in the plane in some detail and has produced a
diagrammatic interpretation of the measure for various valupgfgure4-2). In this

case we use the form:

b= (%-%P+lv-wPf" p O 1

which is often referred to ds distancé’. A similar approach to that described for
Euclidean distance can be used to obtain a power series representation for this metric,
expanded abow=1, givenp, although the se&¥s is more complex whemis not an

integer. In this case the expansion is of
s= w(\p/ va +1)

Of the set of alL, norms, only the cage=2 (the Euclidean metric) is invariant with
respect to (orthogonal) rotatiérall others are invarianith respect to translation and
central reflections of the coordinate axes, but not rotation. This latter observation is

clarified by examination dFigure4-2 and observing that:

dp = do([cogy P +[sing P)° . 0¢qep?

The directional bias of thig, norm increases gsdeviates from 2 and is a maximum for
all p at g= p/4 where the bias is proportional 272, One result of this observation is
that rotation of the axes will alter the estimated valug arid thereforany use of the

L, norm or metrics based on this norm (e.g. weighted and/or hybrids of this metric)
should either use a range of axis rotations fronpfd] during sampling and/or
parameter fitting or state that the results are not independent of cdersystem
rotation. Furthermore, it is clear that all valuep®s® (includingp = &) are related to
p<2 by a simple rotation. In geographical literature the gaskis variously called the

Manhattan, Taxicab, Rectilinear or City block metti¢j thisexample is discussed
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further below and in Sectidh3. The case = 2 is called the maximum, supremum or
Chebyshev norm,= , and measures the maximum deviatior o1y, i.e.d=max{|x-

X2|, |y1-y2l}

Figure 4-2 L, space circles

redrawn, after Y U Shreider

The above observation on rotational relationships can be used in problem golving
some cases it may be possible to solve selected problems by applying the sequence of

actions:

0] rotate the problem coordinate frame
(i) solve the problem using the metric appropriate to the rotated frame, and then

(i) rotate the frame back to its original position.

For example, in order to determine ¥eronoidiagram for a set of planar points end
theL. metric, the set of points may be rotated by an angt#4odéind the regions
computed using thie; metric, with the resulting diagram rotated backdd degrees to

produce the final solutid#.

The use of the terriWlanhattan metrién connectiorwith theL; metricis somewhat
misleading, in that it does not correspond to the way in which traffic moves in
Manhattan at ali the Manhattan road system is a specific, physical network, with a
finite number of paths, almost all of which are directegl @ne way). This is not a
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metric space, since symmetry and triangularity requirements are not satisfied. However,
the (idealised) finite Manhattan Street Network (MSN) can be viewed as a two
dimensional, unidirectional wirfame torus network or digraglan example of which

is shown inFigure4-3). Pairs of eastvest and nortfsouth routes are effectively rings
(which is, of course, not quite like Manhattan streets at the mesh edges), with shortest
routes involving paths that mewaround the rings. The MSN has been extensively

studied and applied in telecommunications network dé%igarticularly in packetor
messagsstructured systems where the number of hops (junctions passed through) is the
most important measure of distancaher than the specific path length. In the case of a
6Xx6 network, as illustrated, the average shortest path distance (i.e. the sum of all
possible shortest paths divided by the number of nodes) is 3.89 hops. An analytic

expression for the average numbé&hops in arlNxM MSN network i°:

dave= (N + M + 4)/47 4/MN
Thediameterof the MSN (defined as the maximum distance from a node to another
node, and an important parameter in network design) is eithefiN,M}or
max{N,M}+1depending on whethenax{N,M}/2 is even or odd.
Labelling of nodes in this example is in integer row/column foiimgtch labelling can

be used to provide addressing schemes that facilitate very efficient (i.e. fast, low

overhead) deterministic shortest path routing.
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Figure 4-3 36-node Manhattan Street Network
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Key advantages of this kind of regular mesh network in telecommunications include the
simplicity of routing, robustness of the structure to md node failures, containment

of localised traffic within distinct subegions of the overall network, and ease of
extension. Disadvantages include the number of nodes required, the volume of
processing per node, and the amount of cabling involved. tfietge has been found

to be especially effective in the design of very kegleed networks in metropolitan

regions and within some local area network (LAN) designs.

It should be noted that the metric for general values pf>1 has been used extensiyel

in psychometrics and by a number of geographers in the context ofdmdnsional
scalingtand has been widely considered in other disciplines such as road traffic studies

and operations researéh

One, commonly used, mujiarameter variant of thisetric is:
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d:a(|xl-x2|p+|yl-y2|p)”S wherea, p, s O 1

This form has been used in modelling road networks with improved accuracy over the
simpleL,norm. For example, using the typarameter model (i.e. witFp) Love and
Morris?® sampled intecity distances in Wisconsin and across the USA and found
estimates oé=1.11andp=1.69in the first case, ana=1.15 p=1.78in the second. If
p/s>1in the model above then it becomes a seratric, and since the assumption of
s=pretains most of the explanatgopwer of the measure (at least in road network

modelling) it is preferable to adopt the tparameter metric model where possible.

Similar research in Sweden has shown that road distances in towns is on average 1.21
times the Euclidean distance. ToBfdras suggested that such findings could be used as

a simpl e O6d(wdgree faauctthoorrés, use the term o6ro
i see further, Sectiod.5) retaining conventional metrics in these cases and aajusti

the results by a constant factor. This suggestion retains the desirable objective of
rotational invariance with the possibility of utilising a metric with improved explanatory

power.

Pursuant to this suggestion we may define a new metric, which Weahthe

Modified Euclideammetric, as:
d:a(|xl-x2|2+|y1-y2|2)5/2 wherea , s 0 1

This metric provides a formulation with many of the characteristics desired, although
not rotational invariance, and warrants examination of its utility in Gésd réated
applications. Alternatively thie, metric may be used, subject to the precautionary notes

made earlier, or a more complex estimation process used, such as vector quahtisation

SettingK=p/s in the model of Love and Morris described above, anoh¢e#t=1, it can

be seen that their metric and our Modified Euclidean metric are essentially of the form
LK, i.e. theK™ power of the standard, norm. Morrig® has shown that when this metric

is used as the distance measure in distance minimisation noddiedation (Weber

problems), the objective function it is conveXif1 but not generally iD<K<1.
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Furthermore, iD<K<1 the measure is not a full metric since the triangle inequality does
not hold.

Yet another variant of thig, metric has been utiliseby Mulle?’ in the context of

mapping functional distances. He takes the rpdtameter model:

d= (a| X - %P+b|y,- Y, |p)s wherep, a, bandsare parameters

to be estimated

This model is metric ip>1, s = 1/panda=b=1. Muller found that this model arks

well for road distances, actual travel times by car and estimated travel times by car, but
not for air travel times (all cases based on selected German cities). His estimates for the
three road travel cases fousd 1/panda/b ¢ 1.25(1.1- 1.4), suygesting that simpler

models would yield good results in many cases. -timeensional maps produced using
these metrics |l ed to more meaningful and

obtained by using conventional metric scaling with a Euclideariene

The observation that/b, 1 (together with the fact that Muller found valuegpP),

suggests that (a) directional (e.g. Ne®buth) bias exists in the datasets (notably in the

actual and estimated travel time analyses) and (b) rotation céfgremce frame would
alter the findings (as noted above). Thi:
and thelp-based metrics in general, are related to the shape knowsuasreellipse A

super ellipse (in 3pace) has the form:

p p

wherep?1. Clearly ifa=b=1 andp=2 we have a circle. l&=b andp, 2 we havel.,
space circles, and & b, p, 2 we have supeellipses. The latter look just like the space

circles inFigure4-2 above, but stretchdglastWest or NorthSouth.

The term Asuper el |l i pseoadbp=5Rwhicewas mes r e

studied and developed by the Danish architect and designer, Piet Hein, in the 1960s.
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This formulation has been used in designs ranging from fuenituroad traffic islands
(superelliptical roundabouts). The family of curves for gened andp was first
studied by the French mathematician, Gabriel Lamé, in 1818, i.e. long before
Minkowski produced the inequality discussed earlier. An exterdditime supeellipse,
with close similarity to the metric generalisations discussed above, is known as the

generalised supeellipseand is defined by:

The general (and unsurprising) consensus across many studies is thaedistations

that contain more parameters (2, 3 or more) tend to provide better estimates of road
distance, but at a cost of increased compléxitgquently the improvements seen are
marginal and models with lower numbers of parameters to be estimatedes

preferred. It is also important to note that in some cases (as discussed further below) it is
simply not possible to use a single model approach (e.g. radial/ring hybrids are a better
reflection of the actual road pattern than ndike formulatiors). The principal

advantage of such measures is their ability to provide accurate, analytic, functionally
relevant distance estimates between any two points in the sample space, whether
continuous or discrete space (e.g. lattice). These can then be agpgtications such as
route planning and traffic forecasting, locatialfocation modelling and space

partitioning/zoning problems.

TheLp metric does not determine unique paths between poinZhdics example, with

p=1 there is an unlimited number pbssible (shortest) paths if the street network is
sufficiently fine. However, suppose that one is examining an existing complex (but
otherwise relatively homogeneous) street network in a city. By measuring a sample of
inter-location shortest distancds), a set of values (estimates) fomay be obtained,

the (weighted) mean of which may then be used in the formula above without the need
for calculation of all possible shortest pathSeparate samples could be used for

distinct area$ for example, in Eshburgh, each main district of the City could be

treated as distinct. This raises the question of which streets to indildgreets,

allowing foroneway rul es, or just streets marked
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Keeping with the simple, single panater norm, ifp is a parameter estimated for all or

part of a network, a summary of interpretations of its value is provided below:

O<p<l1 The L, formula does not yield a metric because the triangle inequality no longer holds
T for example, construction of minimal spanning trees on the basis of progressively
connecting nearest neighbours is not valid. Routes in cities may have values of p<1
indicating that routes are complex i a value of p=2/3 indicates that distances are
effectively twice as far as direct line estimates would suggest. The locus of points in

this case is concave.

l<p<?2 The distance, d, is a metric which is intermediate between the Manhattan grid-like
street pattern and the normal Euclidean metric, and is thus applicable to more

complex city street networks.

p>2 As p increases greater weight is given to the largest components of distance in the
network. Consider the distance from (0,0) to (1,1-E) where 0<E<1. For p=1 d=2-E; for

p=2 and E<<1 d °@&1-E) and as p increases, d- 1. In all cases as p- & then d=

max(Jx1-xz|, |y1-yz|)

Note that if either the& ory coordinate differenceslk or dy) are zero the measure
simply provides the absolute difference in the remaining coordinates and is thus
independent of the value assignegtin fact, themaximundifference between the
Euclidean and., metrics occurs when theincrement ang-increment are equal, as
shown in the graph belowrigure4-4). If dx>>dy or dy>>dx the percentage excess

tends to zero, sinceithresult is equivalent tdx or dy tending to O.

Increasingp may be used in minimax procedures whereby the maximum horizontal or
vertical distance from a vertex to a facility is minimigeslich a metric might therefore
be appropriate for the selectiohstrategic locations or satisfying certain network

performance criteria.
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Figure 4-4 L, metric versus Euclidean metric for (0,0) to (1,1), p=1to 2
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minimum of two steps (one in thyedirection and one in thedirection).

It is possible to define a metric in which the stairellse paths are not rectilinear, but

set at an angle to each athi general it is sufficient to assume that one direction is
parallel to thex-axis and the other is at some angle <90 degrees to this axis. Such paths
have lengths that are the sum of the Euclidean distances in each direction and these are
known asgauge distance¥. As such they are a generalisation of the rectilinear distance
model and have been the subject of detailed study in recent years by specialists in

location theory (see further, Sectiérl).

42.4.3 Normalised metrics

Type4, the Canberra metric, is an example of a normalised metric (it may usefully be
compared with the pseudometric measure of similarity discussed earlier). Such

measures are used in a wide range of multidimensional data analysis techniques. The
Canberra meitt normalises the differences between each data pair by their component
magnitudes. This removes the effects of extreme values upon the totals and helps ensure
that the scales used in each direction or dimension may be readily compared (are

commensurade

A variety of other normalised distance measures are used in fields such as multi

dimensional scaling, factor analysis, cluster analysis and indexing problems, in many
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cases using the range or standard deviation of each dimension as the normalisation

factor. As an example, the normalised Euclidean metric may be written as:

a0 - %,0%g
: ik ™ Ak g
d(xi, xj) = 26
Ck=1 Sk =

wherex; andx; represenb-tuples or points im-space (2+ dimensions) and are samples
from a set of such points with variance in felimensio of si2. These measures,
many of which satisfy the metric criteria stated earlier, are only discussed briefly in this

study as their primary function is not directly related to spatial analysis.

4.2.4.4 Functional metrics

Type 5 is perhaps the least recognisasi@ metric. Although it has some similarity to

the least squares metric described earlier, it is not obviously applicable to geographic
problems. The expression does satisfy the requirements for a metric and an example
shows its utility in the geographifield. Suppose thatrepresents the distance in
kilometres along a road of lengthupon which an organisation wishes to locate a depot
SO as to minimise its delivery costs. In addition, suppose that the demand to be served
can be represented by a postivnction of position along the rodd(x), and the depot
location is taken ag, wherex andxo/ [0,L]. Then the functionz, to be minimised is

given by:

Z=

Nf (x)d% = ﬁj(x,xO)D(x)d{

i.e. z= Lﬁd(o, X) - d(0,%,) | D(x)dx

or z:XIO’{d(O,xo)- d(0,x))D(x)dx + ;’{d(O, X) - d(0,%,))D(x)dx

Xo

partially differentiating wrixo:
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&% L (%)
W2/ 1, = d'(0,%,)éfP(X)dx- FP(x)dxd
o X ¢!

The optimum depot locatior?, is found where the partial differential equates to 0, i.e.

where

P (X)dx= Lﬁ:)(x)dx

0 x*

So the optimum location is at the medardemand. This minimum point is unicgtie

and independent of the particular demand functi{r), chosen. SincB(x) can be a

very general cost function, such as delivery cost, taking into account congestion etc., the
result is particularly striking. Anlwvious extension of the above case, for example, is to
examine the result when two or more depots are required, or when demand patterns are

uncertain. These two cases are examined briefly below.

By a similar argument to that provided above, the optimwation for two depots«,

x1) may be found. In this case each depot occupies the median of the partitioned demand
distribution,D(x) = Do(X) + D1(X), where the point of partition is. To findxo andx: a
location-allocation algorithm is requirétl wheebyx* is selected (say at the median of

D(x) or atL/2), then the locations o% andx: computed with respect to the two initial
sections oD(x) and therx* (andxo andxy) recomputed iteratively until no discernable

improvement is found.

Generalisedo two dimensiond)(x) become®D(x,y) andd(x, %) becomesl(x,xo)

wherex=(x,y) andxo=(Xo,Yo). The task of minimising the total transport effatis then
known as Weberds problem, generalised to
morethanoe depot to be | ocated Weberods probl

unconstrained locatieallocation problem.

In order to analyse the question of depot location when the demand fudgtop,is
probabilistic, two observations must be made. The firstemscconstruction of two
dimensional demand functions. Several autitxave considered generalisations of

Weber s problem in which either there ar
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(1) a finite set olh demand points, with weightg, are each considered to have
probabilistically definedocations, e.g. locationhas mean locatiofxi,y:),
weightw;, and is randomly located in a circle of radigsor

(i) a finite set of regions is defined in the plane, each of which is assigned a
weight and within each of which the demand is assumed @ daarticular
distribution,pi(x,y).

For the purpose of analysis we regard both of these forms of demand function as

replaceable by the composite demand function:

D(xy) =8 w p(xy)

I.e. the demand function is the union of all the-delmand funadonswi*pi(x,y); w* is
the (composite) weight associated with ith@oint or area in the regioR;, of interest,

andpi(x,y) is the (composite) distribution of demand around pioattin regionR.

The second observation to be made is that minigidie expected distance to a depot
located in the sample regidtis equivalent to minimising a twdimensional version of

the linebased problem described earlier, viz:

min z =yl (X, X,) D(X, y)dydx
R

Furthermore, idis theL, metric, the two dimensionsandy may be considered
independently and the coordinates of the optimum locations are simply the medians of

the marginal distributionBx(x,y) andDy(X,y), where
D, (x,y) = fj, D(x y)dx

This conclusion avoids the need for complex optimisation proceduiEh as those
discussed by Wesolows¥yand Drezne¥®. To illustrate this result we may take
Wesol ows ky 06 s -peint prablpnh ie whchi each pdik;,y:) is specified by

a bivariate uniform probability distribution:
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1 3 1
(fi'gi) (h'gi)

P (%, )=

Table4-2s hows Wesol owskyds data and the patt
the x-dimension. To compute the composite marginal demand fun&jgxyy) we

simply calculate the demand for each-sutierval, [s, s+1] whichis the product of the

interval length and the weighted probability functions found in that interval. The total
demand is simply the sum of the destination weights, i.e. 8, so the solution point is to be
found at the point where the sum of the probable delwa4 in bothx andy directions.

Taking thex-direction, the solution required fas must therefore satisfy the equation:

Xo

é. -1771 DX(X! y) = 4

from whichxpi s found to be 20. 17, i n accordanceé

Table 4-2 A five point problem, due to Wesolowsky

Destination Wi e i gi hi

1 1 -7.12 17.12 5.12 12.31
2 2 -17.71 37.71 3.15 14.51
3 1 -16.18 46.18 -5.12 15.12
4 3 -1.18 61.18 -12.12 42.12
5 1 19.22 60.78 5.12 12.12

Intervals 2

s1=-17.71 3

S2 =-16.18 1

s3= -7.12 4

ss= -1.18

Ss= 17.12 5

Se¢ = 19.22

s7= 37.71

sg = 46.18

so= 60.78

S10 = 61.18
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The same process may be repeated foy-ttieection. Calculations can be readily
performed using a spreadsheet. Unfortunately it is not possible to extend this
methodology to Euclidean or generalidgdnetrics and for such problems specialised
optimisation routines and locati@atlocation algorithms will continue to be required.

The notion of constructing composite demand functions is, however, of considerable
interesti it introduces the concept of selectilogations (and choosing routes) in

regions where conditions such as demand, land costs and traffic density vary in space,
which is far closer to realiorld problems. Such problems are addressed in subsequent
Chapters.

4.2.45 Riemannian metrics

Type 6 in the tald of metrics Table4-1) is perhaps more familiar to physicists,
cosmologists and multivariate statisticidinan to mainstream social scientists. It is
based on the work of Riemann, which we outlined in Se&idnThe key element of

the expression for incremental distancg;xdx (sometimes written agdxdx). By
convention the summation symbol may be omitted and summation is assumed over
repeated subscripts. This summation is the genedmatic formfor incremental
distancé®in a curvedh-space. When=2 the space is a-@8imensional surface and we
may write the expression in full (using the notatibr= dx' anddy = d», and reverting

to the normal use of superscripts for powers}. as

ds® = g110X? + g1o0xdy + gudydx +gdy?

Theg; terms define the curvature of the space at every point. For the Euclidean plane,

012=921=0 andgi11=g22=1, giving

ds = dx? + dy?

Note that within the formulation Euclidean space is unique in that the inctaime

distance metric is separablexiandy, i.e. there are no combined terms.
The integral in the general formula is to be taken along the shortesCpattween the

two specified end points (and is a straight line in the Euclidean plane in the ocbmmo

understood sense of O6straightoé). Since
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(especially globally) the shortest of all such pathsr(fimum) is taken and the distance

value ascribed to this path.
For a general two dimensional surface f(x,y) we have:
g1i=1 + £, g2 = 1+fy? and go=g21=fxy

where subscripts denote partial differentiation. Substituting in the expression above and

simplifying, we have:
ds = dx?+ dy? + (fxdx+ fydy)?

Thus incremental distance over a surface is simply threnmental Cartesian distance
plus an element that depends upon the incremental slope of the cost functiox in the
andy-directionsi this is the expression for the path gradient across the sarfadh

this measure, for every surface the incrementtadce is greater than or equal to the
plane distance.

Whilst the Riemannian metric provides us with information concerning the lengths of
very short paths, the calculation of distance between points further apart requires
information about the patlg, along which the integral is to be evaluated. For very
simple surfaces analytic formulae can be derived, but for generalised surfaces the

eguations to be solved are typically intractable.

The Riemannian formulation allows us to examine a number of ggneraiples that
in turn, assist in the solution of more general network problems, including those
involving variable cost fields. If we assume tkas a continuously differentiable
generalised cost function addis incremental distance, thé&wulsis incremental cost or

time, and we can write:

D=ffds whereD is a measure of cost or time distance over @ath
C
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The minimum value of this integral is found by seeking a particular gatbr which
the expression is a minimum.Hfis a costant function the& will be a geodesic path

for the surface over whiatisis incremental distance (e.g. a straight line in the plane).

Now letF = e and letg’jj = e g; , then the equation for incremental distance above

may be rewritten as:

(ds)2= € g,dXdx = g’ydxdx’

thus

The transformation’j = €% gj is conformat® and thus locally shape will be preserved

by the mapping. In particular angular relations between network lines will beyadser
This conformality applies to corresponding directions at corresponding points, but does
not imply preservation of geodesicthe geodesic pat@* above will not normally be

the image ofC under the transformation given.

This transformation showsdhleast cost paths in a sp&eith metricdsmap to
shortest paths in a spaS&with metricds*. Thus the problem of constructing least cost
paths across a surface such as in the plane is equivalent to that of finding shortest paths

(geodesics) on alaed cost surface and constructing networks from these.

The problem of finding shortest paths on general surfaces, amounts to one of finding
solutions to a second order (boundary value) problem of differential equations. The
solution path may be expresbas a function of, y(x) say*, and the boundary

conditions are/(Xo)=Yo, Y(Xn)=Yn, Where(Xo,Yo) and(xn,yn) are the initial and final points
on the path. Now, let the differential equation to be solved be of theGorm, where

Gis a function of, y, dy/dxandd?y/dx. For the plan& = d?y/dxX which is directly

integrable to give:

(Xo-Xn)y = (Yo-Yn)X + (Xoyn-YoXn)
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i.e. a straight line. We now introduce a theorem regarding geodesic equations (a proof is
provided in Annex 2), and use this to pravithe basis for solution of generalised path

finding and network problems:

Theorem: Geodesic paths on generalised surfaces

If G = 0 represents the differential equation for geodesics on any analytic
surface, S, with metric, ds, and F is any positisied analytic function defined
over S, then geodesics on the surfaceith metric dSare solutions to a

differential equation of the form G + R = 0.

Of particular interest is the case wh&is a plane. In this case we find:

R = (1 + [yi()]D(Fyi(x)-Fy)/F

where subscripts denote partial differentiation i) = dy/dx

Direct solution ofG + R = Qis not possible for generkl Solutions wheré& is either a
function of one variable or is radially symmetric are given in Annex 2. For functions of

onevariable we have:

R =(1+[yi1?)(-Fy)/F for F(x,y) = F(y)

R=(1+[yiX¥]9)Fy @&/F for F(x,y) = F(X)

If F(x,y) = k, a constant then the partial differentials disappear=(@] as is expected.

If F(x,y) is the equation of a plane parallel ke toriginal surface, the ter(Ryi(x)-Fy)/F

= 0 once again and the solution paths will be straight lines on the original surface, as
before. In general, if we s&= OwhereF , kthenyij(x) = Fy/Fx, i.e. shortest paths will
remain as straight linestifie rate of change of the cost function matches the rate of
change of the path. Least cost paths for a simple function of one vaFabkey + b,

wherea=0.25 b=1 withy(2) = 5 are shown irFigure4-5.
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Figure 4-5 Least cost path in the plane, with cost function F =y/4 + 1
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This case is analytically tractable with the solution beiaignarycurves, similar to that
produced by a uniform chain hanging between two fixed pointstiSolpaths are of
the form:

y(X) = acosh{x/a+ bl a)-bla

wherea and b are constants determined by the initial value and either the initial

direction or the location of a target end point.

If the cost function is of the for = aly, i.e. an inverse funicin of one variable,

solution paths are arcs of circles. Analytic solutions of this type do not appear to be
available for more complex cost functions, except in the case of radially symmetric cost
or velocity fields (for derivations of these results ardlier discussion, see Annex 2).

In the following Chapters and Annex 2 of this study we provide an extensive discussion
of this family of metrics in the context of optimum route and depot or facility location

problems.

4.2.4.6 Spherical and terrestrial metrics

The sphere is of special significance owing to its close approximation to the shape of

the Earth. Over distances of less than 20kms the Earth can be regarded as approximately
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flat and the Euclidean measure applied with latitude and longitude coordinates give
results that are accurate to within 30 m
for Arctic and Antarctic regions). Closer to the poles the distortion of lines of latitude

and longitude result in increasing errors in this formula and a variamtrkas the Polar

Coordinate FlaEarth formula may be used as an improved approxinfation

d=R{(p/2- £, +(p/2- £, - 2(pI2- £,)p!2- £,)cos( - 1)

where we are using polar coordinatés/() to represent latitude and longitude
expressed in radians, wikh= the radius of the terrestrigphere. Using this formula the

error is at most 20 metres over 20kms even dtl &8 S.

Shortest paths on a sphere have long been known to be great circles. The great circle

distance between two locations is given bydbsineformula as:
d = Rcos 1[sin fisinf, +cosf; cosf, cos(/; - /2)]

This formula can be subject to rounding error because the cosines of all very small
angles (under 1 minute of arc) are 0.9999999 in the first seven digits. A mathematically
equivalent formula (thbaversindormula) is given below, which many#nors

recommend as better behaved for use over short distances/where very small angular

differences are involvéd

é. o _ ~ o _ ~ 0
d= 2Rsin'1§jsinzgg12—f28+ sinzglellz—/zgcosfl cosf, 8
C ¢ - ¢ B =

A segment of a great circle from the pole to the equator has [2p8fd. Using the
WGS-84 value for the sermmajor axis,R (given earlier, and ignoring the flattening
effect of the ellipsoid) we have a circular length of 10,018.75 kms using either of the
above formulae. Both formulae yield a figure of 1855.3 metres for one minute of arc,
which compares with the avage minute of arc given for the W&3 ellipsoid of

1852.2 metres (WGS max = 1861.6m, WGS min = 1842.9m).
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If a correction for the elliptical path is made an approximate adjustment is to rBplace

with either a simple average radius or the squared aveadges:

Rest/(R* +R,%)/2

whereR: andR: are the major and minor sefaxes of the ellipse. Alternatively, one can
use the approximation formula for the perimeter length of an ellijyshje to

Ramanujan:

P=plAR +R)- J(R+3R)ER +R))

With either of these approximations the segment length is found to be 10,001-97kms
this value matches the ellipsoidal value and is very close to the origihabh8ury
objective discussed in SectiBB.2 whereby a metre was dedid as 1/10,000,08@®f

the earth segment from pole to equator.

A distance calculation based on the explicit ellipsoidal model for arbitrary latitude and
longitude pairs (sometimes callegtrestrial geodesic distangeequires calculation of a
series gpansion and/or use of iterative procedure and must be determined numerically.
A numerical algorithm due to Vincerfjis frequently used for this purpose. For

example, the great circle distance between$3Q50E) and a point 50due South

with mean ellpsoidal radius is 9kms less than the Vincenty estimate of 5565kms.

A related issue is the question of reductiomefasurederrestrial distances to a

common base, such as the reference ellipsoid. Modern electronic distance measurement
(EDM) devices, whih are based on lightaves or microwaves, provide very precise

figures for distances between measurement stations. But these measurements are subject
to a number of weltlefined errors, principally the result of atmospheric refraction,

which in turn is depndent on the temperature, pressure and humidity along the inter
station path (these effects are minor below 15kms in normal condtfioih$3

impractical in general to measure conditions along the path itself, but measurements at

each end are sufficiefar most situations.
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Atmospheric refraction has the effect of increasing the apparent height of objects
observed from a distance by a factor related to the square of the intervening distance. At
a distance of 10 miles, assuming the observations are abhada level and 6B, the

refraction equates to approximately 8.8 feet increase in height and increases to ¢.200
feet at 50 miles. This effect diminishes with increasing altitude and temperature, and
may even reverse if there is a temperature inverfioihe Great Trigonometrical

Survey of India in the 1800s, George Everest noted this effect and used it coupled with
observations of specially designed bright torches at night to help increase the size of

triangulation steps to 50+ miles.

The curved waveath distance can be adjusteelduced to take account of this path
curvature and the relative heights of the station p8i(fsgure4-6). The distance can

then be adjusted to the reference ellipsoid to provide ellipsoidahdestar to the

modern equivalent of mean sea level (geoidal/sea level). Note that the reference
ellipsoid may be above or below the geoidal surface, and neither distance corresponds to
distance across the landscape.

Figure 4-6 Reduction of measured distances

Slope distance (wave path chord)
Wave path distance

~ Level terrain distance
‘\_ Mean terrain height

"\

" geoidal/sea level distance Terrain surface

Geoid/sea level

A

ellipsoidal distance
""""""" ellipsoidal chord distance = = * === = ***~

redrawn, with permission, after: GDA Technical Manual, V2.1 Australian Intergovernmental Committee on
Surveying and Mapping (ICSM)

EDM measurement is rarely used for distances of 100kms or more, agasingly

GPS and DGPS measurements of location followed by direct calculations avoid the
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requirement for the wave path adjustments discussed above. EDM and GPS (separately
or combined) provide the opportunity to use methods of trilateration (measuring the
lengths rather than the angles of triangulations) or the hybrid technique known as
triangulateration, to provide very accurate localised surveys. Such methods, whilst
known about since at least thé™@&ntury, were impractical to use until very recently

It has been found that the hybrid technique of triangulateration offers little improvement
over trilateration, but statistical modelling of sample triangulations has shown that

distance measurement errors are halved when trilateration is adopted.

4.2.5 Hybrid metrics

In addition to single expressions, which define the distance between pairs of points
independent of location, hybrid metrics may be used which combine a number of single
expressions according to a variety of rules. Usually these rules involve toghaset

of values (in a number of cases maximum or minimum values) and selecting one of the

set as the distance to use in particular circumstances.

4251 Toroidal distance

The term toroidal distance in this study refers to the distance between pairs obpoints

a simple ring torus (a doughnut shape). Its use in spatial analysis has principally been as
a remapping of a rectangular region, where both pairs of opposite sides of the rectangle
have been joined (physically or logically). The Manhattan Street Nit{MBN),

described earlier, is a further example of a toroidal space, but in this case with all points
constrained to lie on a directed wireframe. Logical mapping examples of toroidal spaces
include the path of a point travelling across the boundary ofrgputer screen and
reappearing on the opposite edge; and the treatment of the boundary of a rectangular
map as if it were attached to the opposite side, thereby creatidgraeBsional finite

space (without boundaries) which is of use in distance statstidies (see further,
Section6.2).

If a rectangular region has corn€@s0), (0,d), (b,a and(b,0) then the Euclidean form

for toroidal distancet;j, between two points,and;j within this region is:

tj = O+ yi?)H2
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where: xj% = min{(x-x)) %, (x-x-a)?, (xi-%+a)3}, yii> = min{(yi-y;) %, (yi-yi-b)?, (yi-yj+0b)%}

425.2 Hausdorff distance

Hausdorff*® distance, which was developed in connection with the analysis of sets and
topologies, has wide applicability in fieldsch as pattern recognition in&nhd 3space,

and deserves greater attention in spatial analysis. It provides a measure of similarity for
objects with spatial exteiitvery similar objects tend to have small values for their
Hausdorff distance, even ti¢ position and orientation of the objects relative to each

other is altered. Formally, Hausdorff distanie,y), is defined as:

(e}

h(x, y) = maxmin{d(x, y)}t
xI X I' i

V%

<

whereX andY are two sets (typically in spatial analysis sets of points, e.g. polygons)
andd(x,y) is any metric, such as Euclidean distance. This is an asymmetxianin
measure, and both values are of use in pattern recognition. To impose symmetry, this

definition may be generalised as:

H(x,y) = max{h(x,y),h(y.9}

This generalisation guaranteesemetric behaviour and provides a measure of the
maximum distance of a point in one set to the nearest point in the second set. It offers a
way of comparing objects such as polygorisr example, comparing polygonal zones

or a template (model) zone wislampled zones.

Prior to calculation it is usual to apply simple transforms (e.g. scaling, rotation) of either
the template or one of the two zones such that it matches the target zone as closely as
possible. However, the metric is susceptible to outliexsextreme values, which

might, for example, be errors in the data. For this reason, if there are a finite rfmnber

of values, it can be more effective to generate an ordered set of (g, and use
thek"-largest(k<m) rather than then™.

126



Distance and metrics

4.2.5.3 Variable routing metrics

If a space consists of a network infrastructure (e.g. a vasspigled road network, a
multi-modal transport system, or a switched telecommunications network) the path
selected between two points typically will be the result aiesalecision or choice

process (which could be random, but is more frequentlyrandom). Norrandom

choices might be based on a wide range of criteria, e.g. shortest distance, minimum
time, least congestion, most scenic, least visible, minimum interseardewest mode
changes. The resulting routing may be very complex and dynamic or fairly simple and
essentially static. A useful example of the latter is a development of-ttedled

Karlsruhe metric by Hyman and Mayh&w

The Karlsruhe metric is bag®n the assumption that the city is a circular region with
all routes determined by either radial paths from the centre or ring (orbital) paths around
the centre, or a combination of both, such that distance is minimised between the origin
and destinatiopoints. An arbitrarily fine road network is assumed, allowing for any

selection of origin and destination within the city. The mekKis,is then:

Ko = min{radial route, min{radial plus orbital route}}

The first term may include a single or double ahdihe latter being a pair of radial

paths via the city centre) and the seconi
plus orbital routes. Lines of equal distance from a point (the locus or distance isolines)

for this metric are convex and eith@rcular (for the city centre) or leshaped (for

points some distance from the centre).

Hyman and Mayhew have modified this metric by removing the assumption that
orbitals exist everywhere, replacing this with a single orbital at a radius, R, frantythe
centre. They also modify the model to be tibesed rather than distance based, in order
to allow for variable speeds on different road types (radials have $paad orbitals

have speel,). The revised hybrid metric, in polar coordinates, is then

_ér.+r eR R-r |+|R-r|dd
< =minit T eRIg] IR |+ |R-r|ol
i Vi eV Vi oy
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where the start point {$,0) and the end point i§1,4). The travel times generated by
this metric depend upon the relative speeds of the radial and orbital routes, the relative
positions of the start and end points with exdfo the orbital (i.e. inside or outside the

orbital) and their angle of separatian,

Extensions of this model to handle variable radial road speeds (simple power function)
and multiple orbital routes are relatively straightforward. Further extesdion
example to incorporate only a limited number of radials, variations in speed by flow

direction and by time of day, are possible but make the model increasingly complex.

Another form of hybrid routing metric is one that is calibrated for multipteezoFor
example, the family of metrics based on the Minkowski inequality may be calibrated on
a zonal basis for improved accuracy of modelling. Zones might be urban/rural or
sections of a city (e.g., the separate Boroughs of New York City). Zoning does,
however, raise the issue of calculating distances or times between points in different
zones. The simplest approach in this case is to assume a linear path or path of multiple
linear segments, and apply each zonal metric in proportion to the linear segthant

the zone in question. In other applications it may be more appropriate to consider point
centroid distances within zones and centaeatroid distances between zones. Some

statistical measures of use in such applications are provided in CGapter

4.3 Paths and metrics

The preceding Sections introduced the tepaith andshortest pattwithout defining
these terms precisely. Snfitlprovides formal definitions of path, path networks, and
path length and from these, a clarifioatof the notion of the shortest path. We utilise

his formulation in the following three paragraphs.

A path can be thought of as a set of points in a sample space, such that as one travels
along the path there is an ordering of the points with respéug tstart. In simple

terms, if the points along the path are parameterised by some varialig1], then the

path defined by(t) satisfies the condition that for all valugs wherea < b, thenp(a)
precedep(b). The length of the path(p), is then a function which yields a real
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numbered value for the path, such that this number is 0 for null paths, additive (i.e. the
length of bits of a path adds up to the length of the concatenated bits), and finally,
changing the parametey,does not affedhe length. Clearly(p(a)) < [ (p(b)). Within

the scope of this definition,@athis seen as a ordimensional object that has finite

extent between finite (distinct) points of the path.

A shortest path (with respectiois one for whicH is minimisal. If this is a global
minimum (i.e. is the minimum for all possible patp&)) then it implies that every sub
section of the path, or every partition, is also a minimum between the start and end
points of the partition. The conclusion one can draw ftiisobservation is that if we
generate any path between two poiatsanday, it is possible to determine whether the
path is a globally shortest path (or glogabdesi simply by examining any sub

section of the path, safao, a1). Furthermore, if th length of this suigection turns out

not to be the shortest possible, then the subsection can be replaced with an improved
path, e.gg(ao, &) and the next subection examined. The resulting revised path will

not, in general, be the shortest path betme anda, since it still includes some
intermediate points that may be sojtimal. To obtain a shortest path each intermediate
point must be moved (varied) to identify whether the overall path length can be reduced

further. This requires an iterativeqeess.

These definitions of path and path length correspond to our intuitive notions, but are
generalised. An important result that can be drawn from this axiomatisation is that a
distance functiom(x,y) is a shortest path distancedffs a quasimetic, i.e. shortest

path distances can only be found if all the requirements for a metric hold exoegf
symmetry. This is not especially surprising, but the converse result states that the study
of quasimetrics is equivalent to the study of shortethpdistances, and thus results

proven for (uniform) quasginetric spaces also apply to shortest paths.

A further conclusion is that if a distance metric and associated space does not satisfy
triangularity the concept of shortest paths may not be meanifigfis becomes
especially apparent when the distance me:
di s t“*Immanysuch cases itis not safe to assume that the sum of least eost sub
sections of a route will cost the same as the entire fotiteap dayeturns, penalties

for stopoffs and interconnection costs are all examples of factors affecting such
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notions. Such cases are principally found in measures based upon existing
infrastructure, such as physical networks and associated services. Howewvecano
describe costs in the sample space as some form of continuous cost surface or field, and
cost distances are monotonically related to path length, then cost distance measures can

be used in a similar manner to physical distance.

For example, if theost surface is described by some funci@xy) and the distance
measure byls = dx,y) where the point§x,y) are sufficiently close, then the sum or
integral ofFdsalong any path will yield a cost distance. Likewise, if the cost function is
of the fam G[d(x,y)] whereG[.] meets the criterion stated earlier, then one can apply
the same methods for path optimisation as are available for metric and uniform quasi
metric spaces. In practice, however, we may find that additional constraints and
assumptionsnay be required in order to identify globally optimal paths.

4.4 Conclusions

In this Chapter we have seen that the notion of distance, and thus of space and spatial
analysis, is more complex that it appears at first sight. We have shown that there is a
wide variety of possible formulations for distance, many of which satisfy a set of rules
that ensure simple operations work in a consistent manner. However, we have also seen
that the conventional formulations have many weaknesses, both in terms of their
inability to provide meaningful measures of separation inweeld situations, and as a

result of their inconvenient analytical form.

In order to address these issues we have described a range of alternative distance
formulations, in particular examining inenental and hybrid measures and the
associated notion of paths. We have also investigated approximations, which may be
coupled with incremental formulations to provide a powerful set of tools with which

practical, realworld problems in spatial analysis mbg addressed.

There are many reaborld examples for which the assumptions of symmetry and/or
triangularity do not hold. It is therefore appropriate to investigate many problems and
applications from a perspective that does not assume Euclidean spiaea peori

first or only choice. The use of a range of alternative metrics-s®trics and
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generalised or quasnetrics all have validity in the context of specific problems,
although for certain types of problem (e.g. shortest path problems) mateamometric

distance measures are required.

An extension to these observations is a consideration of spatial homogeneity and
continuity. There are many instances (most-realld situations) in which these
fundamental assumptions are open to questiomeSof these issues are discussed in the
following Chapter on measurement, but some simple examples serve to highlight these
issues at this point: firstly, barriers, such as walls or fencegpraseas, oneay

streets, natural features of the landscapgations in traffic, etc. may all serve to

distort any analytic measures and make them inapplicable or of limited applicability;
secondly, transport infrastructures, operational rules, safety or security considerations
may all require the use of differemeasures at different scales or in different zénes

for example, one model might apply within a given distance from the city centre (e.g.
within the rapid transit zone) whilst another may apply for longer jourh&ysre are

also many issues relating the calculation of distances and related measurements when
zone sizes, shapes or arrangements are changed; and thirdly in some cases questions of
continuity and dimensionality is uppermost, as for example in the measurement of

boundaries and in assumiogiform availability of and access to transport capacity.

Despite the undoubted value of analytic metric space models of distance, there is the
scope, and much evidence, to warraréxamination of traditional geographic theories
and models with the Eudean metric assumption weakened, generalised, altered or
discarded entirely. It is notable, however, timatementaimetric formulations provide

the foundation for much of the analysis that follows.
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5 Distance, Path Measurement and Path Models

Drawing upon the preceding discussion of distance and metrics, we now examine the
practical and theoretical questions raised when attempting to carry out distance
measurement. A range of circumstances is investigated in which distances are
measirable and meaningful, together with those for which such measurement is
problematic or impossible. We then review alternative models of path, including
abstract classical models, fractal models, a number of alternative statistical models,

and finally latice models.

In connection with statistical models we analyse paths from the perspective of point
data recording and associated poipair uncertainty, providing new error estimates for
path lengths and profiles. Statistical methods are also appliednnemtion with
measurement of existing linear forms and in the provision of models for simple, linked

and closed paths, and tree networks.

In connection with lattice representations, Distance Transforms and their associated
local neighbourhood metrigghamfer metric¥, familiar to those working in image
processing, are discussed and examined in some detail. The first of a series of
developments of conventional Distance Transforms is described, in this instance
involving obstacle avoidance and associatethiffraction. Further development of

this group of Transforms is provided in Chapters 7 and 8.
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5.1 Measurability

The present study concentrates upon distance measures, metrics and metric spaces. It is
therefore important to identify which areas of intetesgpatial analysts lend

themselves to such measurement and which do not.

Gatrell has examined the application of alternative formulations to metric space in
geographic research in some detail, focusing upon the use of multidimensional scaling
(md9andi @ nal ysi so. He provides a much broac
of objects together with i@lation defined between pairs of objects. He argues that we
should be less concerned with physical distance or absolute location and more with the
relationships between objects, such as places or people. Physical distance is regarded as
just one of a large set of possible relations. Gatrell then proceeds to examine time
distance, costlistance, cognitive distance and social distance relations. Thessethof
relations and objects may then be subjected to metric emmnc mdstechniques to

analyse the dimensionality of the data and to generatelitwensional (i.e. majke)
presentations of the data with a known degree of stress. However, as Clfaggett

have observed, thedsprocedure has distinct limitations:

né we see multidi mensional scaling as
hideously complex frame tent with thousands ofperds, each of different

lengths. Although the poles maydérfectly in a higkenough hyperspace,

they become ever more stressed and skewed as the dimensions are

progressively reduced towards those loweder spaces which the human

brain can comprehend. 0

There are many situations in which measurement is prokieraame of which may be
amenable to scaling techniques sucimds The various cases may be grouped into a
number ofclasseswhich are not strictly independent but are separated below in order

to highlight a number of key issues.

5.1.1 Class 1 - Qualitative

This is the class of (spatial) information that either cannot, or has not, been collected in
a quantifiable form because of its descriptive nature. Opinions, emotions and general
descriptions are examples. There has been some work to reconcile certaptidesc

terms (e.g. lake, mountain, region) with scientific requirements of precision but this
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remains far removed from the realms of numerical measurement and mathematical
analysis. Ordinal scale measurement is often used to attempt to quantify infarmatio

this class e.g. survey data asking people to rank their opinions on the desirability of a
new city bypass. Such data generally do not meet metric space requirements although it
has been shown that ratio scales (which are suitable) can be deriveddmah o

datasets under some circumstafces

5.1.2 Class 2 - Discontinuous

There is an argument for stating that much geographic data actually exhibits an infinite
number of discontinuitiek for example, when seeking to measure the length of a
coastline we are aave that both the measurement method and the scale used to compute
distances affects the lengths recofdétndelbrot treats this problem by examining a
variety of deterministic and stochastic processes in the plane, and interpreting the
problem in term®f fractional dimension (similar concepts were put forward in earlier
work by several authors, including W Bunge and L F Richa®isdhe fractional

dimension viewpoint represents an approach to immeasurable sets which is very

appealing and visual, but wah strongly conflicts with classical notions:

AThe question of the number of di mensi
continuity and it would have no meaning for anyone who wished to exclude

this notion. o

Poincaré(1913, p278) ©

The problem of cutinuity (and the related problems of scale and uncertainty) arises
immediately one takes a closer and closer look at anything in the real world. All
coastlines (boundaries, rivers, roadseée) |
weave in and outfdhe finest particles (sand grains, fences, riverbanks;staws)

forever, and at the finest levels of observation the location of basic subatomic particles

is indeterminate. Indeed, in mapaking and associated spatial analysis we use a line to
repregnta linear structure, not to be an accuratadition of that structure itself. In the

same manner, we use pointgeépresenpoint-like structures, but do not expect these to

lie in oneto-one correspondence with the subjects that they are represéiitang

underlying structures in both cases have compldxrnsional spatial extent, which

we choose to ignore for selected purposes.
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In geographic research (and in mathematics) we avoid such questions by making
convenient assumptions and/or basing oayais on predefined scales and methods

of measurement and representation. This approach disguises central difficulties of the
notion of dimension, continuity, distance and spaocaee must always be aware of the
implicit and explicit decisions made wheallecting, representing, storing, using and
interpreting spatial data. It should not then come as a surprise when problems arise
which are scaleelated within the particular scales of interest. Such data are not
absolute and their use and interpretatsrelative to the underlying data and the
purposes for which the data are being used. Data may or may not display consistency
(self similarity) at different scales of observatioii self-similarity is observed an
indication of fractalike behaviour ovethese scales may be suspected (but not
assumed). Similar behaviour is found when examining physical or electronic traffic
datd i patterns may be observed which show-sktfilarity over a range of scales, but
which do not, of themselves, offer additibiresight into the processes at work, of a

kind needed for predictive modelling.

5.1.3 Class 3 - Uncertain?®

In addition to quantum and scalelated uncertainty issues there are many cases where
the data to be collected is known to be an approximation: bashe ascuracy of
measurement instruments with a known (or unknown) resolution and error pattern (e.g.
as discussed in earlier Chapters); the susceptibility of measurement to the skill and
behaviour/presence of the observer; the environment in which measurnsrtaking

place; the need to sample data (such as attributes of objects within regions or at sample
points); and the processes (systems, software etc.) involved in data conversion and
interpretation (e.g. edge detection). Other uncertainty issueslentdmporal questions

(is all the data contemporaneous, is it still correct/is it changing); consistency (was all
the data collected in the same way, stored in the same, totally consistent manner, what
abstraction processes applied in its recording, stoaag retrieval?); and the underlying

vagueness or imprecision of the items being measured.

5.1.3.1 Point pair uncertainty

Positional uncertainty of point and line features have been the subject recently of
detailed analysis, particularly in respect of the qualftpoint and linear data for
storage and retrievalThe measured and recorded position of a single point {[ient
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object) can be regarded as a sample from a population, with-dinvemsional

(circular) or threedimensional (spherical) statistical tlibution (e.g. Normal,

Uniform). If a path then is represented by a finite set of such points, the path profile will
be subject to error (typically additive errors). If we suppose that there are two points
subject to error which are close to each othentine errors will combine to generate

errors in the path profile, the distance measurement and the pathRigglte%-1).

Figure 5-1 Positional errors i 2D model

>

2sd

<=
)

[oe)
A

In Cases AD we assume that the true location of each point is at the centre of the
circular regions shown, each of which is 2 standard deviatsahsr(s) in size and
based on an identical, independent bivariate (polar) Normal distribution with no
systematically inmduced errors. This model may be compared with that of uniform

distribution of each point within a circle of radiusR2qure5-2A and B):
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Figure 5-2 Uniform and Normal distributions i 2000 sample point pairs

A. Uniform model: random point pairs and sample lines

separation, s = 5.0, mean distance = 5.2

B. Polar Normal model N(0,1): random point pairs and sample lines

separation, s = 5.0, mean distance = 5.1

The mean distance between ramdy chosen points in these regions is slightly greater
than the true centroidentroid separatiors,, i.e. distanc®;, Case C above. A first
approximation to this mean distance can be derived from a result provi@ée e 6
(due to Bouwkam}) for the expected mean distanE¢r;), between two points
uniformly and randomly located within separatatoverlappingcircles of radiusk and
sunits apart. In the present case, the approximation for the expected distance in a

Uniform model with circle radiuR=2 and separatios = 5is:

E(r) = s(1 + 1/$+ 5/12¢) = 5.2033
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This approximation provides an upper bound for the equivalent Normal distribution

model since almost all sample points will lie witlds of the two centres ahon

average, sampled points will be closer to the centres than under the Uniform model.

A number of observations should be made regarding these results:

()

(ii)

(iii)

the Normal distribution diagram shown above has been generated used polar
coordinates with radiusetected fronN(0,1) and angle selected from a

uniform distribution over the rang®,@p). This may be a good model for the
problem under consideration, but is not the same as assuming brtnithe

y components of each point are independently distribas®0,1) - the

latter distribution is more evenly spread (and has been widely studied in
statistics, often known as Circular Error Probability, or CEP). The
Bouwkamp model gives a surprisingly good approximation to the mean
value for this latter method edndom point generation where the separation
is taken as>=2 and the radius of the Uniform model circlefRis2

in the model where theandy coordinates are separately selected from
independeni(0,1) distributions, and both pairs of coordinates atected

from distributions with the same centroids (se0), then the theory of

summed squared normariatescan be usedc? distributions) with a

change of variables, to produce a simple probability density fungiatin (

with mean valug= (v (essentilly this mean value is a simple Gamma
integral}!. From this result we can derive a good estimator for the mean
value in this model for separated samples using the cosine rule for triangles,
with separatiors>=0, asd= Jp2+s?-2pscosg], whereg= p/2.08(derived
experimentally). This estimator still appears to be very slightly biased, but
has the advantage over the Bouwkaloaged estimator that it applies for all
s>=0. An explicit pdf for the above case where the centroids anits apart
does not appear teekeasily derived

in the Polar Normal model the same estimator moded t@an be used, but

with p=1.204and g= 0/2.05 (bothp and g have been derived from

experimental evidence). As before, this estimator appears to be very slightly

biased.
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Model and sampl values fod whens=5, 2, 1 and 0 are given Trable5-1 (figures in
brackets are the means computed from a run of 1 million samples using random normal
variates generated by the software package, MATLAB). This data is shaaypinical

form in Figure5-3, based on values ef= 0(0.5)5:

Table 5-1 Mean distance models for point pairs

Bivariate Normal Polar Normal Uniform*
1.772 (1.773) 1.204 (1.201) 1.811 (1.818)
1.982 (1.988) 1.535 (1.534) - (2.016)

2.591 (2.565)

2.295 (2.276)

2.552 (2.571)

gl N k| O 0

5.203 (5.206)

5.098 (5.102)

5.203 (5.201)

* for the Uniform case, model values are derived from Bouwkamp for s>=2 and from the exact mean value
(2 5 6 / )&ds the case s=0, R=2 derived by many authors (as discussed in Chapter 6)

Figure 5-3 Graphs of mean distances i sampled data pairs

Mean value of distance hetween random point pairs

Mean value of sample separation distance, d

_______ L= - — - — - —= Uniform - radius 2
Paolar Mormal, r~ N(0,1), 8~ U(0,2m)
Bivariate M(0,1)

Centroid separation, s

What these model results show is that errors in path lengtlkeletb increase as a
result of point positional errors when samples are taken at intervals which are less than
around 5 times the standard deviation associated with each point; sampling intervals of
10+ times the positional standard deviation providsafar guide level for sampling

however, of course, sampling frequency needs to be a balance of representational
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benefit and the management of positional errors. Using the Polar Normal model with
0 = 4nd a set of 100 elinear points at true intervals of 10 units, the line length will be
over estimated by roughly 0.3% (1003 units), compared with 2% (510 units) if the true

intervals were 5 units with the same standard deviation.

The maximum measement (Case B;igure5-1) would be >Di+4sd and the minimum
(Case A) would be £+4sd The distance recorded, therefore, couldbe-4sdor

more, or an error d+sd. If the points were 10 units apart asaF0.5units, then a%

root mean squareris) error in point location would appear as distance measurements

varying by up to 40%.

The angular variation in this Case (D) could be @more, assuming the true path is a
linear segment over the interval. Case E illustratesiidger problems that will occur if

the positional error is large in relation to the spacing of adjacent sample points. In this
case it is possible that the locations of the two points could be confused and angles and

distances would be almost meaningless.

Unlikely as this scenario may appear, situations of this kind do e¢ouexample, in
attempting to locate a point (e.g. an intersection, a vehicle) on a given road, a modest
error in point positioning could result in the point being located offaliéer on an

adjacent route or on the wrong carriageway of the current route. These observations
show that thepathbetween two adjacent sample points may be subject to error, and
hence paths and path lengths are in general subject to such errors, dtiesegre not
necessarily cumulative. To minimise such factors (or at least, to account for them
explicitly) it has been suggested that paths should be considered as having error bands,
rather as per the measurement bands discussed later in this SediSedcsorb.2.6).
However, the use of a constant width of band in this case is questiGraadulesariable

width and probability profiles have been suggested. It is unlikely that any single model
of uncertainty can be ascribeglt | i near features, since suc
upon, and only meaningful in the context of, specific datasets and circumstahees

is no reason to suppose that a model of linear uncertainty which applies to the manual
production of polygonalegions abstracted from pexisting maps at a given scale has
close similarity to computerised linear feature detection from high resolution satellite
images of the same region. Construction of such models should be based on the
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fundamental componentsdprocesses by which the observed path has been produced,
and the purposes to which such measures might be put, bearing in mind the intrinsic

underlying uncertainties highlighted above.

5.1.4 Class 4 - Relative

There are at least two areas in which relativistiocepts need to be included in
geographic research and analysis. The first involves an extension of the observer
influence noted in our discussion of Uncertainty above. The second involves the
application of the mathematics of curved spaces (notablydwsurfaces), which is
widely used in Relativity Theory, to the solution of problems involving the

determination of leastost or leastime paths.

The paper by Roberts and Supdes the geometry of visual perception is a
particularly interesting contriliion to thea priori nature of space. From a review of
controlled experiments with human vision (head and eye movements restricted), such as

those of Blank* and Platt® they conclude that:

Nt hose phyxloadlight seerras sraight or aliged are not
the usual Euclidean straight | ines, b
physical curves Oseen as straighto ap|
the primary point of fixation. o

This finding, together with their discussion of the $a9f Donder and Listing on the

movement of the eye, led the authors to conclude that:

Afé our el ementary properties should b
and learned. Those such as Euclidean straightness, parallelism and the like

are learned, whilesuch factors as contiguity, boundary and closedness are
probably primitiveo

This conclusion concerning the nature of primitive visual space is completely at
variance with conventional views and provides further evidence that geometries other
than that oEuclid are worthy of attention in the human sciences. More recent published
research and limitedcale experiments conducted by the present author upholds these
conclusions in broad terms, but has demonstrated that there are large variations in the

metrical structure of perceptual space, varying by position, problem and obB&erver
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There are many studies that have shown hovpéheeptionof space differs from

conventional notions of physical spdcdistances are frequently incorrectly estimated

by peope, resulting in distortions with increasing distance that have been shown to be
hyperbolic, logarithmic or similaf. Over time, and as individuals move around in

space, such distortions alter, making it clear that for certain situations and problems,

spatal measures are relative to the observer and the time at which they are taken. The
observer (measurer, data user) may be completely unaware of these distortions and so,
being as it were Oembeddedd6é in thetspace,

An outside observer, however, would see a very different picture.

This may be exemplified by considering a region (a-tivoensional universe) that is
Ohottestd at the centre and radially &éco
This temraturelike variation has the effect of systematically deforming everything in

the same manner until it disappears completely at the margins. For a person travelling
from the centre of this universe to the periphery, the universe would appear infinite,

since each step taken would be shorter than the previous one and this change could not
be detected. The Dutch artist, Maurits Escher, provided an impression of such a space in

his Circle Limit Ill woodcut (se&igure5-4A).

Reichenbah!®, p.3233, has expressed this phenomenon in the form of a theorem:

AnGi ven any wuniversal geometry, G, to
we can imagine a universal force, F, which affects the instruments in such a
way that the actual geometryisanr bi t rary geometry, G6,

deviation from G is due to universal deformation of the measuring
i nstruments. O

Rei chenbachdés theorem provides a particul
absolute versus relative space and time. Indaedlar concerns affected the early
development of accurate timekeepers: Christian Huygens, in 1690, dismissed the notion
that metallic expansion affected pendulum rates based, in part, on contemporary

evidence from the measurement of the length of brasdypums with brass rules in

Europe and the tropidsunsurprisingly the studies were unable to detect the true

changes that occurr&dIn fact brass is quite susceptible to temperature chanaes
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noted inTable3-3 a change of @ C will alter a one second pendulum and bob made of

brass by just over 16 seconds/fay

Figure 5-4 M C Escher - Woodcuts

A. Circle Limit Il B. Smaller and Smaller
Escherdés woodcutls, ICilr alned L iVmiwterle, all I based on Poincar
space (compare this with the geometry of Figure 5-5A). Escher did not produce a directly equivalent
woodcut for the geometry of Figure 5-6B, but hi s design fiSmall er and Small e

© Cordon Arts b v

Poincaré (op. cit.), following a similar argument pointed out that the universal Force,

would have to represent a continuous transfaonate continues:

inSpace, when considered independently
therefore neither metric nor projective properties; it has only topological
properties. o

The second area in which relativistic concepts have applicabilitytieiformulation of
minimum distance, time or cost paths in the presence of scalar or vector fields.

Referring back to the imaginary universe described earlier, we might ask what is the
behaviour of a person travelling in a straightdirieetween two arbiary points, A and

B, within this space? Sinceourspate f or mi ng o6t emperatured v
realistic condition, we might replace this with a radially symmetric scalar cost or travel
time field (cf. Sectior8.1.3.2and Sectiori2.3Radially symmetric cost functiopdn

this case a straight line (shortest/ quickest path for an embedded traveller) will appear to
an external observer to be a smooth curve conveartisithe universe centre, since

advantage can be taken of faster journeys nearer to the deigtreef-5A). The

148



Distance, Path Measurement and Path Models

reverse pattern would be seen if travel times/costs were higher in the centre (e.g. an
urban area) than at the pdrgry, as irFigure5-4B, Figure5-5B andFigure5-6A. Note

that in both cases radials are always shortest/quickest paths. As was shown in Section
4.2.4.5the shortest path in such imaginary universes are, in fact, straight lines in an
associated curved spaicéhe two views are simply different perspectives on the same

phenomenon.

Figure 5-5 Optimal paths in alternative space models

a) M C Escher's Circle Limit lI/IV space b) City with radially symmetric velocity field

Hotter Slower

o o)

Time is frequently a priority and provides more meaningful units for distance
determination. For example, in order to journey from Bromley in SEatt London to
Sunburyon-Thames in South West London, the quickest route malybsaine that is

far longer in terms of physical distance, and commence in a direction almost opposite to
the true bearing between the start and end pdhngsie5-6A). The advantage of a
(hopefully) high speed ring road more theountetbalances the extra journey length

in fact in this case the journéiyneis expected to be 30% less than the shortest path

even though thdistancetravelled is over twice as far.

The theoretical foundations for the design of such rathgtradial road networks are

due in part to the work of Professor Smeed and his colleagues at University College
London and the Transport and Road Research Laboratory in the 1960s and 1970s (see
further, Sectior6.5).
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Figure 5-6 Alternative routes between two sites in London

A. Fastest

-0h-Thaiies

Brofiey:

B. Shortest

1vy -of-Thghn

The Bromleyto-Sunbury example uses two kinds of primary eroad (two speed

variants) and one Motorway (another speed variant}@élnction to minimise is

actually a sum based on network distances and route speeds. Each road type is assumed
to have a fixed average road speed (predefined, but in many systems this is amendable).
If all road types vary in their traffic carrying chateristics (and thus traffic speed) in

the same way by time of day then this amounts to a constant multiplier and has no effect
on the route selection (although the journey duration will alter based on the factor).

However, if road speeds change in différeays across the day then time of day
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becomes importaritfor example, city roads may improve by 30% during the daytime

outside of rush hours but motorways might improve by 100%.

The shortest route in this case is seeking to minimise
z=qd

where thed are the length of route segments. Forfstesfourney this changes to
z=at

where thd; = di/vi are the times taken to travel along each segment with speed, or
velocity vi. The integral formulation of this exgssion, which we use at various points

in this study, is:
minz = %ds

Note that different routing software and datasets can yield radically different results. In
the example above some online systems suggest that the fastest routieeid viadon

inner ring road (the South Circular) during the rush hour, which will be incorrect in

most cases. Furthermore, in the example above a large section of the motorway selected
(the M25) is operated with an official variable speed limit systemeddry time of day

and traffic conditions.

Computerised routing systems should take account of such variations, incorporating
knowledge of actual traffic conditions and, for example, ask users when their journey is

to start or (more usefully) when theyatkto reach their destination. It can be shown

that this O6backward patho view is quival
thus solution or failure to find a solution of either one implies the other for scalar fields.

In the example above journeyi mes i n rush hours may actu
route. Furthermore, this highlights the issue of solvaliilifythe objective is to reach

Sunbury between 08:45 and 09:15 for a meeting there may be no starting time that can
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achieves this objéwe - arrival times of before 08:15 may be the only solution. This
phenomenon is prevalent in modes of transport that run to timetables or schedules (or
fail to!). These kinds of oO6time hol esd i

6 s h a dmseonse &ases.

5.2 Path measurement theory and practice

At first sight the question of measuring and working with path lengths would appear to
benefit from the use of the tools of measurement théand measure thedty Indeed,

both fields have important cortiutions to make, but neither possesses the range of
tools required. Among the concepts these theories do provide are the notions of
invariancé® and measure. Stevefbas classified various scales of measurement, such
as ordinal, nominal and ratio scaleg,the basis of the group of transformations that

| eave the scale form invariant. For exam
trip behaviour the distance to a shopping centre from any consumer is essentially a
simple ranking of proximity or aessibility, i.e. an ordinal scale. Such a model would

be unaffected by a transformation of proximity using any positive monotonic function
(e.g. replacing a proximity measuwdy X", n>0). Similarly, the classical notion of

length, as measured on a rad@ale, is unaffected by multiplication by a positive

constant.

The notion of a measure of a s&tcontained in the real line, is a generalisation of the
idea of length and is invariant under translations of the set. HeNg@)fis the
measure of sei thenM(A) = M(A+x) wherex/ A , A+x = [y+x:y / A].

The application of measure theory to the social sciences appears to be limited to

F a d é’ménsmental (but rather abstract) work, in which a range of location and other
problems a@ generalised using the power of meaghemretic analysis. It is, however,
central to Croftondés devel opment of geom
detail in Section$.2.7and6.3 below.

5.2.1 Linear approximation

The conventional mathematical approach to measuring path length involves

distinguishing two classes of curves: rectifiable and-remtifiable (vithout length.
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The method of determining whether or not a cu@gs rectifiable jnvolves replacing

it with all possible inscribed polygonkigure5-7). If the length of these inscribed
polygons,P, P Kic., is bounded then the curve is called rectifiable, with the upper bound
of polygon lengths defining thaurve length.

I f the curve is not rectifiable it is re:;¢
l engt hdé or indeterminable I ength. This aj
familiar ¢ dlinesmethedofan@aswring ligengthy ormaps and in vector

GIS datasets, has the unfortunate property of assigning no length-teatiéiable

curves. Such curves are not merely confinedtotheaodl | ed &édpat hol ogi cea
(such as Di r i(xp=hllif &is rat®nalfaond(x)c=t0 ivremxis irrational)

but includes several apparently we#haved continuous functions (e.g.

f(x)=xcogpI2X), X, 0, f(0)=0, x/ [0,1]), and arguably, all realorld curves.

Figure 5-7 Rectifying a curve, C, by polygonal approximation

A

The practical problem of measuring the length of a curve or line, whether mathematical,
physical (e.g. a lake shore, a molecule or gene under the microscope) or cartographical,
has attracted much attention. In addition ® lihear method (rectification) described
above, which forms the basis of land surveying methods, several other methods have

been developed, each of which involves use of a-srdieal component/.

If the rectification process above used dividerétwa | kd al ong t he | i ne¢

then the separation of the divider poirfiswould determine the curve lendtf(A),
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wheremindicates the method used for measurement. Length is thus not an absolute, but
a function of the way in which the underlyidgta is modelled or represented, together

with the measurement method and the resolution used when measuring. Rectification
can be regarded as a piecewise linear approximation technique. Invariably, this
technique undeestimates line length at a giversotution. For example, within GIS

datasets recorded at a scale of 1:100,000, comparison with accurate odometer
measurements of road lengths shows errors of ujBfh on sinuous rout&s Fixed

interval walks can also be computationally intensive and reg@parate handling of

the inevitable remainder at one end of the line.

In order to reduce computer data storage and/or manage representation at varying
scales, some authé?have developed algorithms which examine the deviation of an
approximation suchsP Nj C with a coarser approximation suchRadf this deviation

is less than a prdefined value then the coarser link is retained. For exampifégime
5-7 point x> might be dropped (aveededut) in favour of the direct lkfrom x; to xs.
This approach will exaggerate the unéstimation of length that is inherent in the
poly-line approach. Also note that the orientation of the line segraens

substantially different fromiix. andxoxz and from the original curve. Atgithms (such
as refraction) that rely on boundary orientation are significantly affected by such

approximations.

5.2.2 Quadratic approximation

Piecewise noflinear approximations could also be used, such as quadratics, cubics and
circle arcs. With quadratic apoximation Figure5-8) the triple of path coordinates:
[Xi, v, [X+1,¥i+1] , [Xi+2, Yi+2] are used to determine the three coefficients of a quadratic

of the formy = a +bx + cX.
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Figure 5-8 Quadratic approximations to a map outline

y

The curve length over the interval,[%+1] can then be calculated and the estimation
process repeated for the next trigkel( i+2, i+3) etc. This method can be applied to
both 2 and 3dimensimal (space) curves, since any three points will always be co
planar. The separation interval on thaxis becomes ou? and the estimated length

being the integral along the piecewise construction.

5.2.3 Circular approximation

A similar method involves piecese circular approximatiori-{gure5-9). For this

method a point is selected along the line to be measured and a tangent drawn at this
point. The normal to the tangent is then drawn and a circular arc constructed to
approximate thénterval [xi, %+1] by selecting the circle radius(i.e. /), such that it

lies on the normal and passes throygd) andy(xi+1).

The angleg is measured and the length of the line estimated as

L:'a_"l_i:'a_'_riqi.
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Figure 5-9 Circular approximations to a map outline

Xo X1 X2 X3

This method is similar to the use of a rolling wheel to measure road lengths except that
in this case the circle radii can be variable. There is also an interesting relationship
between this method and design guidelines for road construction, which often quote
design objectives in terms of the radius of curvatunesome instances such guidelines

assume a horizontal road profile to be designed from linear and circular elements.

5.2.4 Tangent approximation
This method is similar to that used in calculus, but instead of assuming that the step
interval, 7 - 0, itis retained as a finite measufegure5-10). In calculus it is usual to

specify this intervalf, as Ox with Oy = |y(X) - y(x+ LX)| giving:

Dd =,/Dx? +Dy? = (\/1+tanzq)2)><:secz;Dx

wheregis the angle between a tangent to the curweaat thex-axis.
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Figure 5-10 Tangent approximations to a map outline
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The total €ngth of the line to be measured can then be calculated by summafirs If
fixed, the method simply requires measurement of the apaieach point. However,
accurate measurement@fequires accurate construction of tangents, which in many

cases my@not be possible.

5.2.5 Grid approximation

If a square grid of cell siz&is placed over the curve of interest, then both the number
of grid lines intersected and the number of cells encountered measure the length of the

curve fFigure5-11).

Figure 5-11 Grid approximations to a map outline
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In the example shown there are slightly more grid line intersections than cell
intersections, so the two counting methods will differ. Goodéhildssuggested that
for maps the cell counting approatlgi ves esti mates which are

scale and |l ess to how the map was constr

Both methods are well suited to automation, unlike some of the previous approaches,
but will generally equire smaller values d@f (a larger number of computations) for
comparable levels of approximatidfigure5-12 highlights the degree of approximation

involved by replacing the intersected cell$-igure5-11 with the filled cells:

Figure 5-12 Grid approximations to a map outline 7 filled cells
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5.2.6 Area approximation

I n the second grid method described abovi
coumtsdédhrl so a form of area approxi mati on
other methods have been devised using the area in the neighbourhood of a curve as a
measure of curve length. Each of the three methods to be described uses circular regions

to goproximate the curve.

The first method is the sealled Minkowski or Cantor sausagédure5-13, method
A). In this method every point along the curve of interest is replaced by a circle of
radiush. The ar ea o fbythetrace 6fthasp @rdes is thisnwmereA =
2hL, hencelL(h) = Al2A.
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This method essentially transfers the measurement of the line length to that of

calculating the ared. The surface area equivalent, utilising a sphere, is called the
Minkowski comforter. Note that there is an important problem with this method

assumes that the curve to be measured is everywhere defined and identifiable and
drawing of a circle at each point to be possible, which may not be the case. It has

recently beensuggst ed t hat t he measnoeembbbushoodd
the original line, whereis a small but finite number, using a line of lengédrawn
perpendicular to the path. This revision still leaves the method of defining the

neighbourhood open ®milar criticisms.

Mandelbrot calls the second method the Pointillist techiiduereference to the

Pointillist school of artfigure5-13, method B). The curve to be approximated is
completely replaced by the smallest polesitumber of circles (points) of fixed radius

h, i.e. the smallest possible covering of the line. The centres of the circles used will not

necessarily lie exactly on the line to be measured. As be{de= A/2h.

Figure 5-13 Area approximations to a map outline

Method A:
Minkowski 8

Method B: = - ):\”‘,‘ /‘/5__\

Mandelbrat ! AN
/[ﬁ\/ Methed€— /;
S Perkal >/\

The final method illustrated iRigure5-13, method C is due to PerR3lalthough it was

not initially introduced by him specifically for line measurement. The method uses
circles constructed on either side of the line to be measured to define an outer envelope.
As with the first method, the area of the outer envelope divided by its width (in this case
2h) gives the approximate line length (finite lines require an end @&djustment

factor). In a subsequent paper Petkakamines method A alone and in conjunction
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with method C. He describes the use of square and triangular templates (similar to
Figure5-12) to estimate line length by repeateddam sampling. Perkal calls these

measur i ngeltempil md teesr 10 .

None of the above methods is particularly easy to carry out by hand or computer,
although method A is probably the most amenable to automation. Perkal tested his
technigues and thosé Steinhaus (see Sectié2.7 belowy on a variety of lines with
varying values oewith several test users. He found that his methods were faster than
those of Steinhaus, but both methods were subject to considerabtmrdnauser in

the estimates found.

Line following (tracing) by humans or computers (e.g. optical devices) will inevitably
involve selection of points along the line and thus linear approximation will result
automatically. The main advantage of the anedhods is where the line to be followed

is poorly defined (at the scale selected) and/or area separation is required.

5.2.7 Statistical approximation

There are a number of statistical methods for estimating the lengths of a fixed path
between two known pointé andB. Some discussion of statistical models of paths has
already been given in Sectiil.3- a more extensive discussion of the role of statistics
in distance studies is provided in the next Chapter, where issues stph as t
distributions within defined regions are considered. This Section concentrates on the

application of statistics to line length estimation.
In the 1885 edition of the Encyclopaedia BrittanicBE9d . ) Cr of t onds art

probability?* described severahportant results of interest to this, and subsequent

sections. Crofton di scusses Omeasureso si

M (X) = ryfpdw

wherep andw are the polar coordinates of equpbable random lines in the plane, and
Xis a region in the planéigure5-14). When the integral above is evaluated over the

regionX it measures the total density of linesXinSantalé®points out that:
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Ai.. up to a constant factor, this mea:
under the group of main s i n t(ikedrangldtiennretatian,
reflection)

The measur®(X) can be used to determine the length of any curve in the plane which

is composed of a finite number of arcs with a tangent at every point. Santalé shows that
if a curve,C, has legth,L, then:

M (X) = ffndpdwe= 2L
X

wheren is the number of intersections each random straight line hafwithis result

also holds wheg is a curve on a surface other than a plane, and straight lines are
replaced with geodesics.

Figure 5-14 Polar coordinates of a random straight line in the plane

Y |

If C1is a closed, convex curve of length, thenn=2, henceM(x) = L1. Now if C is

contained withinC: the mean value of the number of intersectisns

- r""ﬁ’ldpdw_&
frfpdw L

hence
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L @nL /2

Crofton produced a similar result to that above, as did Steinhaus. The latter noted that if
a curve of lengthl,, is dropped at randoktimes on a set of parallel linelaunits apart,

andn is the number of intersections observed, then

L @ndp/2K

a result similar to George @drstBroppbsedbimds n
1777 (i.e. using a straight line/needle of known length an estimateanf be found by
re-arranging the above expression). Abeyata and Franklin have used a variant of this
approacPf and others to estimate boundary lengths (e.g. of patches of desert scrub and
forested tracts) using a series of linear transects. They then compare these estimates

with reference and/or alternatively derived data.

Steinhaus also states that if thdength,L™, of a line is defined using the method

above, but limiting the number of intersections per parallel counteyltteenL™ tends

to a fixed limit with increasingnap quality a¥ increases and decreases. The method
could be reversed, with a set of parallel lines being randomly dropped onto the curve to

be measured, which may prove more amenable to automation.
A related concept, which has been shown to be $iderable practical use, involves

the use of projectionsg-{gure5-15). This has similarities to the tangent method

described earlier.
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Figure 5-15 The projection method i projected segment into x-domain
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In this Figure the projected arc lengitx:,x2) =L|cosq|, hence_=d/|cosg| (= P(g) say).
But this example covers the case of a single strdightsegment projected onto tke
axis. With a complex curve there will be many progecsegments. The mean value of

P(g) taken over allyis:

_ 1% 2L
P@)=—f}|cosy|dg=—
2 I »

a formula originally due to Cauchy and used by Steinfaissa basis for measuring the
length of a curve under a microscopeFlgure5-16the prgection of the lineAB onto
thex-axis givesP(g) = |X21 xi1|. The projection onto thg-axis involves overlapping

line segments, resulting in double or triple counting.
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Figure 5-16 Projection method - detalil
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They-projection ovefestimates the line length:
P(gy) = 2ly21 y1| + 3lysT ys| + €
but as we have seen earlieramanging terms:

L= P@p
2

thus a first estimate af is to calculate the total length of the projections onto asefie
lines at angleyto thex-axis and divide these by 2. Increasing the number of projections
carried out t®n gives the mean value f&(g), which yields acceptable results even for
smalln. Kendall and Morai?quote ayeneral formula for the accuracgumds with

projection lines at intervals gin:

o ~1 =Y o ~1
pcosﬂﬁnsinﬁg ¢@ ¢p%nsin£8
2n¢ 2n+ P c 2n+

Forn=6, L is estimated to an accuracy of 3.4%, andfet0, L is estimated to an

accuracy of 1.2%. Improvement in accuracyascreases is relatively slow, and we

would expect gstematic or statistical ardmsed methods to be more effective in many
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applications. Indeed, the latter have the added advantage of being suitable to complex

networks of linear forms, such as fluvial tree structures and transport networks.

5.2.8 Lattice approximations and distance transforms3®

Many spatial datasets and spatial problems are described with reference to regular
lattice frameworks rather than continuous space. Examples include raster scan and
Digital Elevation Model (DEM) data, pixelated screen iesgost surfaces, cellular
automata models, swarm models and many others. This raises the question as to how
distances should be measured in such cases and to what extent these relate to continuous
space metrics such AsandL.. The most common regulkattices used today are

square and we limit the discussion below to such arrangeinemslar analyses can

be carried out on other regular lattices in the plane, such as those of triangular and
hexagonal form. All measurements are constrained to libefattice, generally taken

as either cell centres or lattice intersections, according to the data type. The methods
described can be applied to greater than two dimensions, and three dimensional
problems have widespread application in visualisation ardicaeémaging (e.g. CAT

scans, MR scans) and related fields.

For the discussion below we consider cettreentre distances, and initially consider
the family oflocal or neighbourhoodnetrics defined by the 3x3 celdjacency matrix.

A sample of such ntecs is shown iTable5-2. These are known ahamfermetrics
because the locus of the metric generates a figure similar to a piece of wood with
chamfered or bevelled edges (e.g. Bigrire5-22D). Chamfe metrics and their
associated distance transform (DT) algorithms (see further, below) provide a very
simple and extremely fast method for the approximation of Euclidean distances, or a
multiple of Euclidean distances, over a square Idftite this Sectin we discuss the
basic attributes of these transforms, whilst in Sectio#as8and8.1.2we extend the DT
concept and show how DTs can be used in the fields of optimum location theory and

decision spport systems.

Distances in the 3x3 cases are calculated in an incremental manner based entirely on the
di stance to directly adjacent cells. The
a two-pass scan of a square lattice: a forward scan froretoj bottom right, and

then a backwards scan from bottom right to top Efjre5-17). The algorithm thus
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involves in the order dfin? computations where is the maximum dimension of the
lattice andM is the number of cellgsed in the neighbourhood computation, or more
formally MN computations wherl is the number of cells in the underlying lattice (i.e.

linear in the number of cells).

Table 5-2 3x3 Chamfer metrics

Case Description Adjacency matrix

A Distances are determined by the Lio r 4 d iotc \ 2 1 2
metric and paths corresg 1 0 1
in chess parlance 2 1 2

B As per A but with diagonal distances determined by ce 1 (07
the Euclidean metric applied locally - sometimes 1 0 1
referred to as the Local Euclidean metric o7 1 o2

C Integer Chamfer (3,4)/3 metric. These integer 4 3 4
values provide an improved estimate of distance 3 0 3
than Cases A or B; divide by 3 on completion 4 3 4

D Fractional Chamfer (Borgefors, 1986) i optimal 1.36039 | 0.96194 | 1.36039
non-integer values for all directions (values shown 0.96194 0 0.96194
are after Butt and Maragos, 1998) 1.36039 | 0.96194 | 1.36039

Each pass involeadding the values in a mask to cell values in the underlying lattice
seeFigure5-17, where 5 values are used based on the (3,4) chamfer. The value in mask
position 0 of the transformed lattice is then set to the minimum cfubmes calculated.

The central function of the algorithm (see furthfemnex 3i Sample algorithmjss:

d0 = min{d+D(i),dC}

wheredOis the current value at the central point (0) of the mBgh,is the local
distance to th&" element of the mask, anlds the current value at the selected row,

column positiorn(r,c) .

The underlying lattice is normally a binary image, but could be a single source or target
point orset of pointgrom which distances are automatically generdtethis case the
source point(s) would be initialised to 0 and all other points as a large value, e.g. 9999.
On completion of the twpass scan each cell in the resulting lattice will contain the
distance to theearest poinin the set of source pointis the example above, division

of the values by 3 can be made on completion of the scanning process, giving an
approximation that will be within 6.1% of the true Euclidean distance.
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Figure 5-17 3x3 Chamfer masks for distance transformation

4 [ 3] 4] 4 | 3] 4
3 0 0 3 3 0 3
L4 [3]4 4 | 3] 4

Forward scan Backwards scan Combined masks/adjacency matrix

There are a number of highly efficient (very fast) sequential and parallel algorithms for
performingthis process and a great deal of research into these and the quality of
approximation has been conducted for both binary andgyralg images. Distance
Transforms (DTs) are used in a wide variety of image recognition and processing
applications (for whichhey were designed)example applications include image
matching, skeletonisation aneCBrendering. As we show below, DTs may also be used
for the fast computation of distances and mleliel buffer zones from single or

multiple objects (points, linegreas) rather than just single points (see examples in
Figure5-18), for the computation of watersheds and slope lines, for the determination of
optimal paths and for the computation of Dirichlet regions (or Voronoi polygons) from

lattice/raster data.

Figure 5-18 Raster buffer zones from distance transform using (3,4) chamfer

The examples ifrigure5-18 show distance bands from objectssghown in white,
comprised of (a) a single central point, and (b) a cross shape, over a 100x100 lattice,
generated with a single forward and backwards pass of the masks. Colours indicate the
distance from the nearest point of the object set. There arg applications for such
computations, for example in the computation and mapping of noise and environmental

pollution impacts associated with major roads and aircraft flight paths.
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With multiple objective points the distance transform generates theabejii of
Voronoi polygons, oplanar digitised Voronoi diagramis These may be mapped in
two dimensions as above, or in three dimensions, where distances are treated as
elevations, shortest paths are lines orthogonal to the conkigts€5-19), and region
boundaries are watersheds example application with multiple objective lines is the
interpolation of contour datg although results in this case are improved if additional

key landscape points are includestiably peaks and pits).

Figure 5-19 3-point distance transform, 2-D and 3-D views

Distance transforms can also be applied with almost no alteration (see further, Annex 3,
for details) to cases wheresihcles are included. For example, if we introduced a
rectangular region as an obstacle in the single point example above, the resulting paths
in the region are distortedrigure5-20A) T in this example the transform has been
geneated using modified Borgefors fractional values on a 5x5 mask (see further,

below), with iterated passes of each mask to ensure convergence (two or more iterations
may be necessary in cases where obstacles or varying costs exist). As before, following
lines that are orthogonal to the contours shown have been used to generate the shortest

paths.
Shortest paths can also be determined by retaining a record of the closest cell in the

mask neighbourhood as part of the DT operation. This record can be hbkbiate or

rel ative ter ms, i . e. of the for m: finext
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in row 23 column 460 (R23C46), or Anext
two arrays (or a muldimensional array) fax-components ang-components, this
information can be stored as a pairs of single relative value(ig.)g= -2, \i,j)=1.

This formulation is convenient for use with the algorithm provided in Annex 3 since the
components are simply the values already held iDXg) andDY(k) arrays. A vector
diagram generated from a pair of arrays corresponding to the previous diagram is shown
in Figure5-20B (note the path distortion generated from the lattice representation of the

underlying dataset).

Figure 5-20 Shortest paths by distance transform with constraints
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A. Paths constructed orthogonal to contour lines B. Vector map of path directions obtained from
tracking during the transform operation

It should be noted that the shortest path vectors shofigume5-20B above differ

from the steepest descent vectors computed directly from the DT surface shown in
Figure5-20A. The latter do not, in genar indicate the correct shortest paths, as
illustrated by comparing the vectorskigure5-21 with those inFigure5-20B and the

orthogonal path construction method.
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Figure 5-21Steepest descent (slope vectors) of distance transformed surface
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A simple iterative procedure can be devised which utilises the local vector arrays to
produce a complete set of shortest paths from each cell to its closest objectipis

process can be used to produce digital Voronoi diagrams in inhomogeneous space since
it assigns each point to its closest target point. It may also be used in homogeneous
space to compute an exact Euclidean distance transform by calculatgrtesian

distance between the solution path start and end gothtss a chamfer transform can

be used to create an exact transform in such cases. This result, whésidetit, does

not appear to have been reported previously. It can be seen te lstntte assignment

of the closest target point under an accurate chamfer metric will always or almost

always be the same as the assignment under an exact Euclidean metric, and thus
computations based on this assignment will exactly match an exact Enclidea

transform. Sample tests by the author have found no difference between the results
obtained in this manner to those gener at

For inhomogeneous images, such as that above, distance transforms are frequently
based on an algehim known as the uniforrnost mode®, itself a form ofA* algorithm
(i.e. an heuristic search procedure rather than an image scanning procedure). For
variable cost surfaces and combinations of surfaces, scanning distance transform
techniques can still besad (with minor modifications), as we demonstrate in Section
8.1.3
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By plotting the locus diagrams for a range of 3x3 chamfer metrics against the optimal
Euclidean locus (a circle) the relative merits of different local vabnegeights can be

seen Figure5-22). Examining the diagrams it is clear that the last of the four
approximations achieves the closest possible match to the circle, with a mix of positive
and negative errors at intervalsm@#l (positive) ando/8 (negative). The first two
approximations underestimate most distances. The octagonal shape of all but the first
example is the result of thecgll local neighbourhoods utilised. If a 5x5 local
neighbourhood is used (sEgure5-20 andFigure5-23) the approximation is t6ided

(a Ahexadecagono). The symmetry displ aye:i
to the Euclidean metric means that optimal chamfer metrics are nearly, but not
competely, rotationally invariant.

Figure 5-22 Chamfer metric locus diagrams

A. Chamfer (1,2) or Manhattan metric B. Chamfer (1,(2) or Local Euclidean metric

Y 05 \
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X

Y

C. Chamfer (3,4)/3 metric D. Chamfer (0.96194,1.36069) optimal metric

RiYEn
VAV,
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Integer values are frequently used in distance transforms, but Borgefors recognised that
the approximation to Euclidean distance could be improved upon. She used Cartesian
coordinate pairs to produce her Aoteger result¢Table5-3). The Cartesian model
generates a result that is not fully optimal in the propagation of distances around a point
in a lattice (although these do provide the basis for the approximation to Euclidean
distance we present@uthe previous Chapter). In a detailed analysis using polar
coordinates, Butt and Maragésave shown that the values derived by Borgefors can

be marginally improved upon. Their results for the 3x3 case are shovable5-3: the

(3,4)/3 metric is the best low valued integer solution and yields correct values for
horizontal and vertical paths; other choices involving larger integer pairs, such as

(24,34)/25, can be used to approximate-imbdager variants quite accurately.

Table 5-3 Maximum absolute error for 3x3 chamfer metrics

Local distances (a,b) Maximum absolute error Comments

(1,1 41.41% Chess board Arookbd
(1,2 29.29% City-block, L1

1,2) 7.61% Euclidean local distance

(3,4)/3 6.07% Integer chamfer

(1,1.3507) 5.63% Borgefors, with a=1

(1,1.3420) 5.38% Butt-Maragos with a=1
(0.95509,1.36930) 4.69% Borgefors optimal

(0.96194,1.36039) 3.96% Butt-Maragos optimal

The lattice neighbourhood can be increased 5x5 matrix, as noted above, in which

case there are three distance weights to be assigned to the various cells rather than two,
and the optimum fractional values in this case are (0.9966.2062). These values

provide estimates that are within &% of the direct Euclidean distance but at the cost

of slightly increased computation. The integer value optimum values are (5, 7, 11)/5,

and are remarkably accuratevithin 2% of the Euclidean distance. The integer
neighbourhood (mask) for the 5x5 modeshown inFigure5-231 values not entered

are predetermined (e.g. as 5+5 = 10 or 7+7=14). The mask is divided into two for
forward and backwards scans, as per the 3x3 mask described abové&igumh-23

the distance transform of a point using the 5x5 mask can be seen to be a very close

approximation to a circle over a square lattice.
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Figure 5-23 5x5 Distance transform and integer chamfer mask
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11 7 5 7 11
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With neighbourhoods of 7x7 or greater the maximum error falls below 1%. Results can
be obtained for triangular and hexagonal latfit;esith the latter providing improved
results, but again at the cost ofrieased complexity in both representation and

processing.

There is an additional useful result obtained from this table. It relies on the fact that
between any two points on a square lattice it is always possible to construct a path
consisting of two comgnents, one diagonal path and one horizontal or vertical path. If
two points in a square lattice are selected at random, and thédestaes
(horizontal/vertical) andN steps (diagonal) apart then the best estimated distance

between them is:

d =0.9619M + 1.36069N

The maximum absolute error in this calculation is 3.96%na@%{|x-x2|, |y1-y2|}.

The lack of exact correspondence to Euclidean distances must be recognised and
regarded as a form of systematic error or uncertainty, which may be exaggetated
scale changes and/or systematic growth/shrinkage of objects using distance transform
methods (e.g. topological inconsistencies may resthgse considerations are in

addition to the representational issues associated with the original latteedasiset.
However, algorithms are now available that provide exact Euclidean distances in near

linear time, which may prove more suitable for some probiems
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5.3 Elevation and path

Many of the methods described above ignore elevation and associatedeftmstt or

factors. In practice the direct line distance on a map/within a GIS facility is frequently a
good first estimate of the surface distance (i.e. allowing for elevétiand will often

closely approximate the shortest distance across the surfa@xdfople, the map

sections belowHigure5-24) show a transect southwards from East Creech, near Creech
Barrow in Dorset, extending for 1km from the road at East Creech to Barneston Manor
(now known as Barnston Farm). This valukn(i} provides the 2limensional

(projected plane/map) distance rather than the surface distance.

The surface route, as a walker, rises fromj26@&ast Creech, to 4P8s the transect
crosses a complex ridge and narrow valley structure over the chdltalsraway to

200; on the far side of the ridge. Despite the fact that the rises and falls are steep, and
thus difficult to traverse, the totat3 surface distance is only slightly further than the
projected plane distance (still being under 1.2km). Suvéace distance is equal to the
sum of the incremental map distance divided by the cosine of the slope angle, thus it
may be computed directly from a map or database representation by measuring or
computing slope values along the transect or path. @réxtremely rough or
mountainous terrain are surface distances much greater than stib@stinates. For
example, if the top of a 500m hill were located in the middle of a 1km stretch of path,
giving a 45 slope (1:1) to the top and down again, the sgrfdistance would still only

be 1.4kms. Current design standards for UK roads aim to keep all gradients to-below 5
6% (c.1:20) above these levels the operating costs for larger vehicles (HGVs)

increases quite rapidly.

It has been suggested that elemaiis a significant factor in the observed differences in
distance calculated by driving along roads (using accurate odometers) and calculated
distances obtained from GIS packages, but the principal causes of these differences are
accounted for by horizoak errors introduced by polyne approximation and the scales

at which GIS datasets have been collected (as noted abpa#) length calculation

using piecewise polynomial, circular arc, spline or trigopnometric functions have been

shown to remove muclf this errofé.
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The effort of traversing a path of 1:2 or even 1:5 is quite different, however, and a least
cost or least effort route (i.e. avoiding the steep slopes of the ridge and valley structure)
might take the route iRigure5-24B now provided for cars, which has road distance of

c. 2.5kms. Least cost/effort paths are thus rather like shortest paths on extremely
mountainous terrain, they strenuously seek to avoid the high cost/effort zones even if
this means that the patbrgth itself is much greater than one might expect or takes an
unexpected rout€ We return to this question and example in more detail in Chapters 7
and 8.

Comparing the modern map with that from a century earlier, we see that two earlier
routes existedcross the ridge one was a path or track, probably suitable for horses
and light carts, but not for coaches or heavy carts, and the other was a fwiiose
tramway for transporting materials from a small quarry. The current longer road route
sweepsawa t o the | eft of the historic map,

route.

Figure 5-24 Transect south from East Creech in Dorset, 1896 and 2000

—
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[= ] . —
East Creeih

300

A. OS Map, 1896 B. OS Map, 2001 - redrawn
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Figure 5-25 Old and new routes near East Creech, Dorset

| Original route

The blue circle on the first mapigure5-24) marks the location of the original route,
and the photograph taken lookingue®West Figure5-25), shows the area today, with
the historic cart route still clearly visible in the catfileld.

5.4 Fractals

The practical issues of estimating line length are at the heart of many problems in
geographic researcdand other sciences) and these have highlighted weaknesses in the
underlying mathematical foundations. In order to determine the length of a curve one
must first have a curve to measure. In spite of the concept of a curve being apparently
intuitively obvious, adequate definitions are lacking. For example, let a plane €jrve,

be defined as the set of all pointsyj represented by the continuous functions:
x = f(t), y=d{t) forall t / [to, t]

such that there exists only one value fofr each pai(x,y). ThenCis called a simple

Jordan curve or, when crossing points are permitted, a Jordan curve.
This apparently simple and very general definition of a curve was shown by?feano

permit certain curves that completely fill the plane (henceratistinguishable from

figures of dimension 2). Nefty however, showed that Peanc
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for simple Jordan curves. Further work on this question was carried out by Siéfpinski
who produced a recursive construction demonstrating thanaléi Jordan curve could

fill a square Figure5-26):

Figure 5-26 Sierpinski curve construction
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Mandelbrot® observed that the trajectory of a particle exhibiting Brownian matitn
also fill the plane, and combined this observation with those of the previous paragraphs
and his work on financial modelling into his theory of fractals. He (currently) defines

fractal geometryaBt he st uidyvarfi amtal eoughnessao

Mandlebrotinitially defined fractals as sets whose HausdBesicovitch (HB)
dimensio®?* Dug, strictly exceeds the topological dimensibs, Peano curves and
Brownian trajectories are both classified as fractals by this definition, as aré®Koch
curves Figure5-27), which, like Sierpinski curves, are defined by an iterative or
recursive construction process. Conventional (rectifiable) curves have topological
dimension of 1. Their HB dimension will also be 1, since they are clearly nattils.

More recently this definition has shown to exclude a number of special cases of
0fractal s6 whi c hDuees®+= 1larel improvedrdefinitions bdsed\ore
notions of seksimilarity and seHaffine sets have been proposed, without alfin
conclusion being reach&dThere is even beginning to be a question mark as to the
value of the HB dimension in this context and the possibility of a more general

definition of fractals being unachievable.

Determination of fractional values Bffor certain weltdefined curves can be achieved
by anal ytical met hods. For natur al fract .

contours, an alternative method is required. This involves selecting a measurement
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method, such as any of those described @pand plotting the length(/) against the
measurement factdron loglog paper. If the graph produces a straight line its equation

will be:

log L(A) =a+ blogh wherea andb are constants

For conventional curves = (1-Dt1) = 0 hence curve length independent of sampling
interval. However, for fractal curvéds> 0. For example, Richardson (op. cit.),

HakansoP’ and many others since found value®ofarying from >1.0 to c.1.3 for
coastlines and lakeshores, whilst Batty and Lorf§li®und similar véues for city

boundaries (e.g. Cardiff). In reality such measurements have almost always been made
from models or representations of coastlines, lakeshores and borders (i.e. using maps or
aerial photographs) and not from terrestrial surveys such as thivksekenzie or

Mason and Dixon. What is clear is that readrld boundaries have complex structures

and are generally unlike classical curves, being nowhere smooth or differentiable,
nowhere sharply discernable, and frequently dynamic (e.g. with tidéig, fiavs,

plant growth, urban developmeiit)ndeed, closely examined they are not strictly linear

at all, but more like a narrow band or area.

It is a reasonable question to ask whether frdctalk e -sr mokat & behavi o
retained as the scaleduces to a finer and finer degree. It is immediately apparent that
measur ement becomeswarnipdd sa sblteh @coastirddee Oirs
and lakeshores are dynamic, precisely what is to be measured becomes increasingly

unclear and ultirately known to be not measurable.

The mathematical model of fractal lines and surfaces, which assumes an arbitrary fine
ness of measurement (behaviour of systems as{inD) is similar to the mathematics

of real analysis in this sense, i.e. a modehwitset of assumptions, one of which is that
limits can always be taken. To this degree, fractal analysis provides models and tools
rather than definitive explanations. In addition, it should be noted that for curves such as
Brownian motion in the plane drother forms of random walk, such as random lattice
walks and the trails left by insect, animal or human walks;csesing of paths is

normal. Measurement of the length of such paths by the area methods described earlier
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is not appropriate and increntahmeasurement must be used (i.e. calculating

cumulative path length from the sum of the steps taken).

A major value of fractal analysis is in enabling us to distinguish between classes of
curves:D=1 are in almost all cases simple (conventional mathealaturves;l < D <

2 are distinctly fractal curve$) = 2 are plandilling curves, or in some senses could be
regarded as area measures. A secondary benefit is its descriptive value over varying
scales. ID is constant over a range bivalues it indcates selsimilarity in the curve

form; that is, a similarity in the form at various scales. For example, the latter is true for
Koch curvesFigure5-27) whereD = 1.2619(log4/log3 for all A. In a later, detailed

study of boudaries, Longley and Baftyfound thatD appeared to vary over a range of
sample scales and raise the question as to whether an alternatinedognodel might

not be more appropriate and/or a mirgictal interpretation of the data. Their study also
noted that different measurement methods had substantially different processing
overheads and at least one piecewise polygonal approximation method (which involved
elimination of selected points) was unsatisfactogyrid-based approximation was

found to besimple, computationally fast and not subject to such problems.

The dimensionD, does not describe or imply form or procéske same value fdd

may apply to completely different fractals and different generation models (e.g.
Brownian motion, Diffusior_imited Aggregation (DLA), Recursive Generation) may
result in the same fractional dimension. For example, it has recently been proven that
the di mension of the &édhull & or boBndary
dimension of 4/3, but clearly thdoes not imply that some coastlines or city boundaries

are actually generated in this marffier
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Figure 5-27 Koch curve construction

S - ds
e
The Koch curve or 6snowfl aked i s,whaapsogressively ed fr om

smaller (1/3" size) triangles are added to each of its three initial sides in place of a segment of
the side. The length of the curve is unbounded, it is nowhere differentiable, but the area enclosed
by the curve is finite, with the formula based on the initial side length, s, being:

2

2s
lim Area:—\/é
ds O 5

5.5 Self-avoiding and self-attracting random walks

Measurement of path length depends upon an agreed set of rules for carrying out the
measurement, selection of sampling intervad(s) determination of the embedding

space (e.g.-D versus D). It also assumes that we have a clear understanding of where
the path is and in general terms, what it is like. In the latter case, classical or fractal

models are the main alternatives.

A set of models of particular interest to geographic research is known -@&vsiling
(random) walks (SAWSs). These are random or pseaddom walks, paths or trees that

do not cross themselves, unlike some of those discussed above. There has been
extensiveanalysis of SAWSs, especially in the physical and biological sciences such as
physics, polymer chemistry and biochemistry, but also in areas such as statistics,
economics, financial modelling, engineering and robotics. SAWs have received limited
attentionin geographic studies. Most analyses focus on lattased SAWS using

square or triangular lattices, but some studies of unconstrained (free space) SAWs have

been carried out.
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Random walks typically consist of a given start point and a set of rules détietmine

their behaviour (e.g. steps, directions,-selbidance, selattraction,

bifurcation/spawning of children). In the plane it has been demonstrated that both
unconstrained random walks (e.g. Brownian motion, which is neaselfling) and
self-avoiding lattice walks will pass through every point (in the plane, on an arbitrarily
fine lattice) as the number of stepsfends to infinity. A number of other interesting
results have been produced, including analysis of the number of possHaedsdlig

paths on a lattice. With a 6 x 6 square lattice the number of possib&vegling paths

from (0,0) to (6,6) is over 1 million. At first sight this suggests that search methods for
optimal paths on lattices may be very difficult unless additiooastraints and rules are
applied- however, efficient algorithms exist for such problems with solution times
related to the square of the lattice size or better (single point to all other nodes). Note
also that the specification of a random walk doesmatide a goal or destination as an
explicit input. In general it is not possible to determine how many steps will be required
to reach a target point or whether the route taken is optimal. It is often possible,
however, to provide statistical estimates @gaample of the expected path length or
direction after a number of steps) and simulations can provide estimates of means and

variances where analytical results are not forthcoming.

For geographic analysis several types of SAW are worthy of closenattefihese

include directed (or correlated) random walks, directed dislocation walks and random
trees, each of which is described briefly below and some are explored further later in
this study. For convenience we shall use Cartesian coordinafes (the plane, but

polar {,q) or spherical coordinates could equally well be used, depending upon the

requirements:

1 Directed random walks T this process involves incrementirdpy a fixed or
positive random value (optionally constrained to lie in agefned range, e.gx
I [0,1]); yis incremented by a random amount in the same manner but positive
and negative values are accepted,\eig[-1,1]. The average position phfter
a large number of steps will tend to 0. If batandy steps are fixed the nel$ is

essentially a square lattice walk. Note that this process, and the walk described
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below, generate singlevalues for eacl-value, and as such are a very
restricted subset of possible random walks.

1 Directed dislocation walks T this process is theame as the above but constrained
to a single direction (quadrant) fgre.g.y i [0,1]. The dislocation is then
similar to a random walk down a tilted surface, a sideways impact on a
geological structure or a distortion of a populated landscape by @ywalids a
dominant conurbation. A more general random walk model of both these types
is:

1 Correlated random walks (CRWS). This set of models assumes that steps may be
of fixed or variable length, but that the direction of travel is determined by the
previots direction of travel plus or minus a random angular variable drawn from
a range (e.d’60 ) and distribution specified in advance (typically a Uniform or
Normal distribution). CRW models, which have been used widely in the sudy of
insect and animal dispgon, and on a limited basis to serial crime behaviour,
are not necessarily sedfvoiding (but constraints can be applied to ensure they
satisfy this additional requirement).

1 Random tree walks - the directed walk model can be modified such that koth
andy increments are repeated until either an obstacle, a solution space boundary
or another random line or branch is reached or approached to within a specified
distance. At this point the walk must stop, go back one or more steps and
commence again with newandy values. This kind of walk generates self
avoiding random trees (SARTS). A variety of additional rules and constraints
may apply in such cases, such as def i
proximity measures) and how new branches or childrerodre generated. Use
of SARTSs is discussed in greater detail in Sectibband8.2where variants of

the RRT algorithm (Rapidhgxploring Random Trees) are discu$sed

Examples of simple random wallgse shown irFigure5-28. The first has been
generated in the manner described by Venn (of Venn diagram fame) irf'the 19
century, selecting directions from arsiled die and random distances in the
selected direction. This cldgiis not selfavoiding. The second example shows
random positive increments xand random +/values fory, yielding a curve of

market pricelike movements (strictly speaking, a one dimensional random walk).
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Figure 5-28 Simple random walks

A. Simple random walk T after Venn B. Directed simple random walk
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As has been noted earlier, irs@ace (on-space) random walks have a sfaotnt but
no definitive enepoint. However, it is possible to createdam trees simultaneously
from more than one point (in sequence) and apply proximity rules to avoid obstacles

and obtain endo-end connectivity.

Random trees can be constructed in many ways, but typically will consist of a branching
process and sedvading walks. Such trees are the subject of analysis later in this

study, and provide the basis for quite general and fast solutions to shortest path/least
cost problems. A section of a random tree is illustratdegare5-29. In this example a
random tree is being used to explore the space of feasible solutions for a path. The
brighter red line indicates a boundary constraint for the tree.
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Figure 5-29 Random tree walk

There has &en a great deal of research into-setbiding random walks (SAWS) in 2

and 3space, much of it in chemistry, physics and mathematics rather than geographical
studies. 2D SAWs are often generated byas@ | | ed 6 p i%/ whictbhasa | gor i |
similaritiesto some fractal generation mod&)sut unlike the processes described

earlier the pivot algorithm generates a true-agtiiding random walk in the plane or

higher dimensions.

Pivot algorithms commence with a straight line of lergtsteps defined biXN nodes

(optionally being points on a square lattice). A seriastoinsformations are made to

the line (rotations and reflections) by choosing a node at random and a transformation at
random. The line is checked after each transformation to ensurettsslfcrossing.

With largent he &é memorydé of the original config
generated. Since it is possible to generate 2 or more such lines and then join their end
points, checking that the result does not cross, a nanqmdygon (region, island) &N

steps can be generated with familiar geographic look. To avoid the needstatireg

and sharp corners, 3 or more SAWs or SAW segments would normally be required to
create a suitable closed figure. An example is showRigure5-30), which we have

created from segments of 3 SAWSs, each of 1 million steps, generated by Kénnedy
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Figure 5-30 SAW generated island.
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Self-attracting random walks also heinteresting applications in a range of practical
geographic applications. For example, because random walks will eventually pass
through all possible points, a subset of paths commencing at any given point (an origin)
will reach a second point (destirat) in less steps/a shorter time than other paths. If the
shortest such path is marked or recorded each time walks are simulated, subsequent
random walks can be programmatically biased to use all or parts of this path with a self
reinforcing result. Suchancepts have been used in a variety of traffic behaviour
modelling and, more recently, in modelling crowd behaviour in4ogglenvironments

during special events (galleries, London stréetSjmilar methods could be used to
simulate past (unknown, histoy flows as well as current or future (predicted) flows

and congestion. As with all such methods, model assumptions and calibration become

the key issues.

5.6 Networks and path length

The majority of the analyses in the present study are concerned witttdistan
measurement and path location in inhomogeneous (and often boundesp)dicee Such
problems may be static or dynamic (e.g. involving moving objects such as vehicles or
robots, or involving varying flows over time) and may involve finding a valid syt
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a good solution or an optimum solution (if one exists). In seeking a good or optimal
solution the process may involve distance minimisation or generalised cost
minimisation with or without additional constraints. In many cases such problems can
be restated using a range of techniques having first partitioned the sample space into
some form of grid or lattice. Solutions may then be sought which are restricted to
traversing the edges and vertices of this grid or lattice, or which use this framework as a

simplification of the space and allow paths to cross the zones created by partitioning.

Where the sample space can be represented in terms of a (directed) graph the techniques
available for identifying specific paths through jgiefined networks are avable.

There is a substantial (almost limitless) literature dealing with this séfbjéhe classic

problem and algorithm, which originates with Dijk$tras that of finding the shortest

path from a source node to one or more destination nodes. Algotliahrseek

solutions to network problems of this type are often compared in terms of their
performance by reference to the number of vertices or nojlesthe graph and the

number of links or edgesg)( The simple shortest path problem can now be sofved
lineartime, i.e. as a linear multiple of the number of vertices and edgegnar €)%,

In a wideranging review of the general least cost path problems (LCPP), Smith and

Gahinet® highlight the difficulties involved:

1 possible complexity of the sades’ smooth/analytical to complex natural or
manmade, or hybrids of these
possible complexity of the mobile objdcsize, nature of motion

1 conditions that must be satisfiege . g. mi ni mum O6cost 6, cu
continuity, passing through/viaspecified location

1 computational cost (in memory, processor time) of alternative solution methods

They conclude that it is most unlikely there will ever be a single, unified theory for

solving the general LCPP.

An additional body of research addressistatice and path problems incalled

6geometric ddpravidessroexcellgrt reaert eielv and summary of
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many of these problemsn the text below references to solution algorithms and their

efficiency derive f otllerwisdbstatecas hel | 6s paper

Mitchell defines a geometric domain as follows:

instance of a shortest path problem is usually specified by giving geometric

Al n contrast to graphs, where the enc

objects that implicitly encoddte gr aph and its edge wei

basic problem is: given a collection of obstacles, find a Euclidean shortest
obstacleavoi di ng path between two given

Most geometric domain problems deal with path finding within closed polygonal areas,
including one or more obstacles (high cost or prohibited zones). The majority of such
problems relate to path finding inspace, with the objective function being simple
distance minimisation. Variants include: alternative objective functions (e.g. dtfferen
metrics); constrained paths; dynamic environments; and known versus unknown
terrains. It is known that in simple polygons there is always a unique shortest path
(series of rectilinear segments) between any source and destination point, but that in a
geneal polygonal domain (i.e. one including obstacles or holes) there can be any
number of optimal paths. The latter class of problems do permit path finding using

current algorithms in solution timé&Xn?) or better.

Geometric domain algorithms typicallgnolve decomposition of the solution space

into geometric components, notably triangular regions, and then they search the graph
comprised of the edges and vertices so generated in combination with those of the
original polygon and obstacle set. A varidatown as the continuous Dijkstra method
simulates a wavefront, using this to construct a form of geodesic map, rather as
described by Huygens and adopted by Wartnz. The method has been applied
successfully in the soalled weighted region metric probleVRM) in which different
zones within the solution space have different weights or velocities applied to them.
Smith and Gahinet (op. cit.) show that exact solution times for this class of problem are
greater thai©(n®).

Mitchell points out that some canained problems, notably those involving constraints

on the average curvature (important for dynamic problems, such as transport
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engineering and robotics) may result in problems that are either not solvable or are very

difficult to solve. Likewise, solutins that seek two optimise two or more objective
function criteria are in general not solvable in a provably optimal manner. A simple
example for which no exact solution is known is the problem of finding a path that
minimises both path length and the nnbf steps (links, or edges) in the path within a

simple polygonal solution space.

Another interesting class of problems relates to path finding without a map, but
assuming knowledge (by observation/sensing) of the solution space as it is searched,
and gtionally knowledge of the location of a target (e.qg. its coordinates). This is rather
|l i ke journeying to the South Pole from
or New York without a street map. Curiously enough, it has been shown that in a
rectilinear street pattern when the location of the target is not known in advance but

must be sought, prior knowledge of its location does not assist the solution time.

5.7 Summary

Measurement of distance from maps and in the field has highlighted both practica

theoretical problems. Central to the measurement process is a clear definition and

t

understanding of the path along which measurement is to be made. A range of models is

available, from the classical to statistical, and from the continuous and wliffle to

discrete lattice and fractal formulations. Each measurement technique involves sampling

and approximation and each is therefore sdelgendent as well as model or path
dependent. Where sampling takes place at multiple scales it might higigdifht
similarity suggesting that the length is indeterminable and fractal like. But self
similarity at a range of scales does not imply-setiilarity at all scales, nor does it
exclude curves models other than fractals from consideration: given a sitfficraber
of fine steps SAWs exhibit very similar behaviour to fractadsibsamples of the walks

are very similar to broader samples.

From these observations and those of the previous Chapter, we must conclude that

regarding distance measures as cerdaid absolute is frequently unsafgeographic

distance should be viewed in terms of context, measurement method, scale, path model

and dynamics as well as metric formulation and the derived numerical results.
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6 Distance Statistics?

This Chapte(and the associated Annekxelxamines distance statistics: in particular
average distances, and tests of complete spatial randor{f@88sthat utilise distance
measures. We seek to illustrate both the scope and applicability of statissizados
measures to a variety of practical spatial problems. A wide range of results are derived
and presented in a manner that seeks to clarify the underlying assumptions and the

logic of the models used.

Although a number of statistical methods havenlsiscussed in earlier Sections

(sampling, poirdpair uncertainty, random walksthe central focus has been on
deterministic problems. We now focus upon statistically defined processes and
associated distance measures. Much of the research in this areadsrned with point
patterns and processé&sn many cases it is the relationship between each point and its
nearest neighboys) that is of interest from a process perspective, so we start by
reviewing this area. We then examine and develop a numbepadaches to the

distribution of the distance between random pairs of points in bounded regions, subjects
that arise from research in the fields of geometrical probability and trip distribution

theory.

In recent years there has been a move away froméhe 6 di rect 6 st ati st
towards more exploratory approaches based on analysis of spatial infearsitgpatial
autoregressiof) reflecting the difficulty of extending classical distance statistics models

to many realworld situations. These morecent techniques still rely on distance

measures, distance decay models and defistBnsity estimationi as such, much of

the discussion in the previous two Chapters, which is extended in the present Chapter,

applies to these newer approaches.
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6.1 Introduction

There is an enormous body of literature dealing with distance distributions reflecting
their applicability in many disciplines. Much of this research has assumed that the
distance metric to be used is Euclidean and that the sample space is @adbauhd
uniform. A number of results are presented in the following sections, and others
derived, where the metric is more general and in which the sample space is bounded.
These factors are shown to result in alteration of the expected distance (and square
distance), which result in divergence from the values for key parameters (such as mean
values and ratios) that conventional models suggest. Statistical analyses of spatial
datasets utilising intgpoint distance measures, directly or indirectly must tate
consideration the effects described above. This can be achieved either by using
appropriate measures and modified statistical results or seek to eliminate such effects,
e.g. by correction of distance calculations, topological transforms, samplisgtsaib

points well away from region borders, systematic subdivision of sampled regions,

and/or use of functional distance measures and Monte Carlo simulation techniques.

The set of distances defined by the spacing of randomly selected pairs of pdimtsawit
bounded region represents a distribution whose frequency varies with line length, as
measured by some agreed metric. There have been at least four approaches to the study

of these 6finited distance distributions:

(1) tests of randomness
(i) geometric probaility studies
(i)  shape analysis, and

(iv)  trip distribution analysis

Each approach is discussed in the-sattions below in which we describe existing

work in this field and develop a number of extensions to the theoretical findings. The
variety of results andpproaches taken illustrate the many ways in which distance
distributions and their central moments (e.g. mean, variance) can be applied to practical

problems.
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6.2 Tests of randomness

In botanical, biological and geographic research distdased tests of jat pattern
randomness have historically been based!arder nearest neighbounr statistics
(distributions and central moments) in infinite (unbounded) Euclidean spaces. More
recently there has been consideration of nearest neighbour relationsmdedaegions.

The majority of analyses focus on testing mapped point patterns against a hypothesis of
ACompl ete Spatial Randomnesso {staismary, but
Poisson processes, have also received attention. Separately, tHezerhadively

debate on the treatment of planar point patterns which may exhibit clu&tditig)

latter area is not covered in detail here, especially as a number of the methods used do
not rely on explicit distance measures for their analysis. Whelersathods do adopt
distance measurements they almost exclusively rely on Euclidean measures and often
use (edge corrected) circular sampling r

statistic and kerndbased density estimation).

The formal definitios of dimension in the footnotes of the previous Chapter utilised a
general expressioN, in the volume of &-dimensional hypersphere of radius,

where:

v, r*=p"?r*1dk/2+1)
The formula yields the familiar results for a line, circle and sphere:

Virt=2r; Var2=pr? Var3 =433
The results derived iAnnex 1- Nearest neighbour statistiaad earlier by Dacéyuse
this general expression in the formulae for the distribution of distancesnb-trearest
neighbour m k-dimensional space under the CSR hypothesis (which we show is related
to thec?-distribution). From this result we derive the following general expression for

the mean distance to tné-nearest neighbour ikdimensional space (the general

expressiorfor higher crude moments is also provided in the Annex):
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- _dn+Vk) 1
N (VI AYA R,

where/ is the point density. In two dimensions this expression can be simplified to
o =N(2n)/ 2"/

Thus, for example, we have:
=l2/ F,=U2J/ T,=3I4JI

Tests of randomness may then utilise the observed distribution ofea@int or event

event distances and compare the observed mean values with those expected under CSR,
e.g. as a ratio, or more powerfully, bgmparing (transformed) sample distributions

with the percentage points of thé&distribution or with the Normal distribution for

larger samples/higher order neighbours for which the Normal approximatidtisto

valid.

The point densityg; is typically an unknown and therefore its determination in practical
problems is an important issue. In fidddsed studies (rather than mapped point sets)

the CSR hypothesis is sometimes the presumed distribution and wesagbdiour
measurements uséad determines- The approach is effective for relative dense, static
objects (e.g. natural forest stands) but of limited use in lower density and dynamic
objects (e.g. estimation of populations of animals or fish). In the latter instance density
estimatia is based on the assumption that not all events are detected and distances to
events are regarded as samples from a detection function or distribution, which must be
modelled. Work in this latter area is almost exclusively based on Euclidean distance

measurement without adjustment for boundary issues.
The issue of point density estimation in mapped studies can be illustrated for the case of

the line: ifN points are dropped at random on a line of lenigtthen the expected

distance to the"-nearest aighbours may be calculated. However, because the line is of
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finite length some nearest neighbours to a base point will lie outside of the boundary
and mismeasurements will be made. The error thus induced is equivalent to
miscalculating the densitg; ard results in an increase in the measured mean and
variance. The formulas= N%(N+n)L (whereN<22), i.e. adjusting the theoretical density
formula byN/(N+n), has been found to provide a better estimate of the point density
thanN/L by the present authosimg simulationThis estimate of density is very good

for n small and also for largerwhenN>10.

In two dimensions similar boundary effects exist and may be more or less serious
depending on: the size and shape of the sample area; the event dedditg arder
neighbour measurements being taken. Donfiblg used simulation techniques to
provide adjusted estimates f@ctangularsample regions with sides of lengtlandb,
and perimeter lengtR=2(at+b). Lettinga- = N /(raurhber of points/sample area) he

proposes using the adjusted value:
r, =1/ 2J// +0.0514P/ N +0.041P/ N*?

which approximates to

fo° 1/2:/7 +1/5/  for the unit square with>10

Donnelly also provides an edgerrected estimate for the standard deviatibich may

then be used to compute a standardised meassacene) for significance testing. fis

large in relation tdN, the adjustment is substantial. Furthermore, if the sample region is

|l ong and thin (e.g. 10: 1 amesugreasoadablglarge Do n |
and one must question whether alternative approaches and models (e.g. Monte Carlo

simulation) are preferatfle

Extensions of formal analysis to more complex shapes and alternative distance metrics
have been limited. A simple extgon to hypetellipsoids and hypespheroids with the
Euclidean metric will have larger values for the mean and variance thandpjpaical
measures, and an adjusted volume measure based on the fornvylaubwhere the

radiusr is replaced by a sef @i values which are the serakes of the figures. If all the
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semiaxes are of equal length we have the hypersphere, as above. If two of three are the
same in dimensions we have the spheroid, and if all differ we have an ellipsoid. These
figures have #arger surface area than a sphere of equivalent volume and thus boundary

problems will be greater in these cases.

In the simplest Zlimensional noftircular case the sample region is an ellipse, and we
may assume without loss of generality that the sf#lipas one seraixis, |, of unit

length, i.el=1, and one of lengtk¢l. If the ellipse has the same area as a circle, we
haves=r?2 wherer is the circle radius (since s | Zandt=1). However, random points

in the ellipse have a larger maximum possible distance and smaller minimum distance,
hence the variance ofren measure and for random point pairs will be greater than in
the circle case. Analytic formulae in thigse are not forthcoming, but for squared
distances between point pairs Barton &tleve shown that the elliptic mean squared
distance equals the circle mean tifi€s1)/2s For example, if=1/2the mean is 25%
greater than that for a circle of equivati@rea, and they show that the variance is 50%
greater. By simulation we can show that thean distanceather than squared mean
distance is approximately 9% greater $e1l/2 and approximately 37% greater for
s=1/4. As the ratid/s increases the meambae for point pairs tends 42, as would be

expected. The same limit will apply in strongly rectangular regions.

The derivation ilAnnex 1- Nearest neighbour statistjiadoes not explicitly rely on the

use of Euclidean distams, but does assume that the measure is a metric. If the distance

to nearest neighbours is calculated using a metric other than the Euclidean formula then
the volumeViwill be incorrect Figure6-1). For example, with the, metric the area of

a o6circled of wunit r adi upsisradedflom ¥tainfipity.f r o m

The modified are&> , may be calculated from the integral:

1

1 1
V,, =411- x° [P dx
0

hence

V22= 2sin'(1) =p as expected

200



Distance Statistics

If pis estimatd as a parameter, for example to take account of road patterns, then
calculation of the nearest neighbour raRpshould usg when calculating both the
observed and statistically estimated nearest neighbour values. For exapyie, if
nearest neighbouwtatistics based on the Euclidean formula will suggest greater
uniformity than actually exists when distances are calculated using a metric related to

the transport network.

Figure 6-1 Area of a unit Minkowski p-circle
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Note that if the boundary of the study region is not arbitrary but significkomt

example if it is determined by an important natural or imade barrier assumptions
regarding density estimates and distance distributions which asstensier of the
process beyond the boundary will be in error. Likewise, if the metric used to calculate
inter-point distances is not a simple, monotonic function of Euclidean distance, the
implications of this need careful consideration. In such casegeMiarlo simulation

may well be the best approach to obtain meaningful tests of randomness or alternative
process hypotheses. The availability of such facilities within GIS would greatly simplify
modelling and analysis, particularly since such software&jly holds the details of

point events, transport networks and the details of boundary form.

An alternative to the direct use of distance measures is their indirect use. For example,
the number of occurrences of specific events (e.g. disease casbs)aamted within
the B!, 29 39 etc nearest neighbourhoods or fixed distance bands of control points (e.g.

randomly sampled individuals from the same population mix). Thus the metric becomes
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the count, or mean value of such counts, rather than tlendést themselves. Although

this approach in some respects diminishes the power of subsequent test statistics, the
use of the controls removes a substantial proportion of the effects due to a lack of
underlying homogeneity in the population and in the apatructure. Methods of this

kind were introduced by Cuzick and Edwafd4990) and applied to the detection of
clusters amongst cases of childhood leukaemia and lymphoma in the Humberside region
of Eastern England. This region is coastal and lies aldagsiong estuary, thus

estimation of expected counts within a given radius of a control point will be affected

by these natural borders. However, since it is reasonable to assume that these borders

affect the controls in the same manner as the casedrdnaborder effects is reduced.

An alternative approach to the line problem is to look at the ranked distribution of
intervals, as defined by the spacing between adjacent points, with respect to one end of
the line. Dropping-1 points on the unit lineefinesn intervals, withd; being defined

as the length of thi€" interval along the line. Ranking the sef{produces a second

set, {g}. Barton and Davitf have suggested the following measures as test for

randomness in this case:

Y=1- §id;/n and G=ng d.g,

They show that:
E(Y) ¢ (n-1)/2n Var(Y) ¢ (ni 1)/12r¢
E(G) =1 Var(G) = (n?+7ni 6)/((n+1)(n+2)(n+3))

Work of this kind in two dimensions is sparse. H&as considered aspects of the

boundary problem in the circle afxhcey* has treated the square case with both

Euclidean and toroidal distance (the latter converging much fastenvatthe CSR

model ) . For the wunit circle and unit squ:
the mean value adjusted by the roensity) to nearest neighbours can be obtained by a
mixture of analytic and computer simulation methdeigiire6-2). The results for the

circle were computed by the present author whilst those for the square by Dacey (op.
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cit.). As can be seen the standardised expected distance tends to 0.5 from above as
increases, with a reversal of the pattermfod. The expected nearest neighbour

distance is always less in the circle because it has less boundary per unit area.

Since the epected distance is greater than 0.5, statistics such as

suggest greater uniformity in the pattern than actually exists unless precautions are
taken to minimise or eliminate such problems. For example, in the case of the square,
with 10 points the expected standardised mean value is 0.5315 using Euclidean

measurement, but is 0.5057 using toroidal measurement.

Figure 6-2 Expected distances to nearest neighbour in a square and circle
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From the above discussion it is evident that there are many approaches to minimisation
or elimination of boundary effects. These include:

1 revision of the formulae used for density estimates and mean values (e.g. as
discussed above for the dnd 2dimensional cases)

T sampling within a subset of the sel ec!
the samples zone

1 assuming that the boundary itself is a set of event points

1 ensuring that sample sizes are large enough that boundary effects are minimised
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1 using control points and neighbourhood counts as a substitute for explicit
distance computations, where appropriate

1 utilising Monte Carlo simulation to produce a retige corrected estimator of
the mean and probability density function under CSR or an alisegnat
hypothesis

1 changing the topology of the sample spaaethe case of a line this involves
wrapping the line to form a circle, whilst in the case of a square or rectangle,

wrapping it onto a toroid

The latter approach is effective at removing edgect$fby assuming that the
underlying pattern is homogeneous and thmapping is acceptable within the context
of the problem analysed. However, it should be noted that toroidal mapping is not

rotationally invariant..

6.3 Solutions from geometric probability

The earliest research into the statistical properties of bounded shapes gave rise to the
subject of geometric probabilitythe original literature is due to Crofton. His work is

discussed by Kendall and Mofamand has been generalised by Gjacjauskas

In Croftonbés 1885 paper he not only deriyv
referred to in SectioB.2.7, but also produced an important theorem which facilitates
calculation of the mean distance between independeistiybuted workplaces and

homes in a city. Croflfstatesittat: t heorem f or mi

nlf M be a mean value depending on t hi
space, A; and if this space receives a small increnagnt, and MNj be t he
mean whenme point falls on A&, and M the same mean when one point

falls ona and the remaining41 on A; ther(M My)A = na(M1-M) 0

In modern notation this result would be written as a differential equationviviifivl =

dM anda=dA, giving:

dM n
——=2(M,- M
A A( 1~ M)
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As an example of the application of this theorem, consider the problem of determining
the mean distanc®}, between two points placed at random on a line of lelngtlet

M1 be the mean distance of a single random point from one end of the linés This
clearlyL/2 (or 0.5 with a unit line). With 2 points we substitute in the expression above

to give:

d_M:E(L/z- M)
dL L

multiplying both sides by and rearranging terms gives

dM

2
I_ZE'ZI\/”_:I_2 or M:Lz

dL
thus M=L/3
Again, using this methodology it is possible to calculate the mean value on a line of

lengthL when the distance measure is of the fdsaixz|°for p > 0. In this case the

mean value becomes:
M = 2L P/(p+1)(p+2)

ThusM @ @./2 for p = ¥2and ag increasesM tends tad if L¢1andM - 2 for L>1

andagp - »o.
A similar procedure can be applied for a circle of radRidly commencing with the
expected Euclidean distance from a point on the circumference to a point within the

circle. This can be shown tie 32R/9 (=0.6385 for a circle of unit area), which leads

to the mean value for two points in a citéle

M = 128R/4% ° 0.9054R
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Thus for a circle of unit are®RE1/Gp): M = 128/455%20 0.5108and for a circle of
radiusR=2 we haveM=1.811(cf. Table5-1) .

The mean values for the line and circle have been derived by addressing a related
problem: that of finding the mean value from a fixed point to other points within the
figure. This related problem has applications in facllbcation and intezonal
communications. In many instances it is of interest to know what is the mean distance
from any point in a given bounded region to a specific point, such as its centroid, or a
facility such as a retail or distribution centre. Bimplest cases are for a uniform

circular region with Euclidean metric. The mean distance to the centre can be found by
direct integration to be:

Thus for a circle of unit area, the mean vadllie 0.3761.

If the distance measeiused is the rectilinear bi metric, the comparable result is also

obtained from integration over the cirtdeas:

2R
iz ﬁ(zdx = 8_R
0 3o

Thus for a circle of unit area, the mean distance to the centre with thetric isSM =

0.4789. This result nyaalso be obtained using the observation that a random line in the
plane will lie at an average absolute angl@/dfto the horizontal, hence a mean value

for the circle in Euclidean distance will translate to a mean value in rectilinear measure
by multipying the result byl/p. We can use this observation to extend existing results
to find: (i) that the meah; distance between random points in a circleliss12R/45%7;

and (ii) the meah distance from a fixed point on the boundary to a random point in a
circle isM=128R/9”.
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If the sample region is a rectangle with side length®idB, rather than a circle, the
result is simple for rectilinear distance, be{Ag-B)/4 (determined by examination of
the geometry). For Euclidean distance the problem hrmore complex, because the
integral must be evaluated over three-gedions (D,Al, [A,B], and B,GA%+B?)]). The

simpler case of the square yields the closed form fé&sult

M= (In(L++/2) ++/2)/6=0.3826

This value is only 2% greater than that for a ciretkilst for polygons that more

closely approximate a circle (e.g. hexagons) the difference will be even smaller. From
these results we can conclude that in most cases (where region or zone shapes are
broadly polygonal and not highly elongated or concéive)mean distance to the

centroid can be estimated by that for a circle of equivalent area. A safe upper bound for

most zones with unit area would be v .

If the fixed point in such problems is not the centroid, but acerfitre location, the
case of theircle shows that mean distances are significantly afféctgdat most 70%
in this case. A good estimate for the mean value in such caR£3is &/2, wherel ¢
a ¢R, i.e.alies within the circle between the boundaryRaend the centre (&). In

this case a safe upper bound for most zones with unit area would be %a.

Croftonds Theorem can be appl iPeairandom i t s |
sets ink-space (i.e. properties other than mean values). For example, the meawalues
andM: above could have been replaced by other properties, such as distribution
functionsF andF1. However, its mathematical elegance is lessened by the need to solve

di fferential equations by melasuggestsusirgtiit may

only as dast resort.

Croftondés work was further #eentayintoghed dur |
di sciplines of geometric probability and
analyses cited earlier. Recent research has shown that sudmpsaaln be approached

with greater rigor by transforming the problems into ones concerning random sets on an

appropriate manifold the study of such sets is term&dchastic geometdf. Taking
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the example of a random process of lines in the plane destesslier (Sectiob.2.7),

the coordinates were taken in polar formwag). But these coordinates could equally

well correspond to those of a point on a right circular cylinder of infinite radius. The
Poisson processonsugh cyl i nder corresponds preci sel

process in the plarieother point processes correspond to alternative line processes.

A simple application of the Poisson line process to transport planning has been made by
Davidsori®, an orignator of the study of stochastic geometry. He observed that if one
were to choose between a rectangular grid pattern of roads and the Poisson line process
(given a fixed amount of road) then the latter should provide much shorter journey
lengths on longrips. In fact this observation depends on the orientation of the road
network with respect to the start and end points of the journey and the journeyilength

in many cases long distance trips will be of similar lengths under both road network

assumptions.

An extensive body of statistical literature exists, primarily concernedpfrtls) and
p(r?, s) the probability distributions of distance @nd distance squared)(between
pairs of points randomly distributed within a figugerhis figure has garally been

taken to be a circle (or hypersphéy®r a regular convex polygon.

The distributionp(r, wheresi s a ci r cide skhkdy ebeadr® drye man

In its simplest formulation we may write:

p(r) =2r(2g - sin2g)/pa® whered = "(d2a)sndais the circle radius

Thezcrude momentsfi “p(r)dr, are given by:

m(r) =8G((z+3)/2))(2a)*/(z+2)G3+2/2)& *

Thus for the me&f and variance of we have:

m(r) = E(r) =128a/45p ° 0.9054a (as shown earlier)
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and  m(r)=Var(r) =a*- [E(r)]* ° 0.1802a°

Thedistribution,p(r?, s for a circle is also known and given by:

a [(1- ¢2/432) O
p(r?) = %&- 2q rwt}/az d =-Yrf2a),rais the circle radius
2 p ap 9

The z crude moments in this case are:

2z+1

) - cé)c
Ry
where C%;* is the combination symba|
thus E(r?) =a? and Var(r?) = 2a%3

This result can be extended to the casepdirs of points dropped randomly. If we

write:

n
D=4ar’ wherer; is the distance separating tiffgair, then
i=1

E(D)=na? and Var(D)=2na"3

For conve polygons the distributions are more complex because it is necessary to break
the sample space (the region over whithdefined) into component parts. This is
illustrated for the case of a rectangle with side lengtiisdb, a & bllowing GhosP?

we have three components=@r/a?b?):

p(r) =k(a b “i/aZ br +r?/2) 0 O r < b
p(r) = k(absin'b / r (r&bda ari b%2) b O r < a
p(r) = k(ab(sin*b/r i cos'a/n+ @%?)

+ %8 - (r*+a2+b?d)/2) a O*#h2 O a

209



Distance Statistics

The moments of this distribution are quite complicated, but for the particular case of the

unit squared=b=1) we have:

a 0.5214

E(r) = }COShl\/E + 2+4/2
3 15

Dacey” has provided tables of the first four crude and central moments for this
distribution,fora =1, b = 0.40.1)1.0.

The circle is the most compact figure possible in the plane (boundary/area using
Euclidean measurement). A square with the same area as a circle has a border that is
roughly 12.8% longer and a maximum dimension (diagonat)si#6% greater. Other
regular polygons with 5+ sides, such as hexagons, will lie between the square and the
circle. For such figures their average internal random distances will be greater than the
circle and less than an equivalent square, which tsalfan average that is only 2%
greater than a circle of equivalent area. The variances will differ more markedly: for a
square, the variance is 7% greater than a circle.

There have also been a number of statistical studies which have examined the average
distance between two separate (distinct,-oeerlapping) regionseither square,

rectangular (see Ghosh, op. cit.) or circdlauith direct or rectilinear distance metric.

The analysis and distributions involved are complex, but the expected values are
frequently close to those one would obtain obtained by ignoring the statistical variation
and using simple centroilolased calculation. For example, from results obtained by
Bouwkamp?, it can be shown that the average direct distance between random points
selected within two circles of radil& andR., whose centroids aseunits apart is

approximately:

E(r) °s+(R?+ R)/Bs +(R*+ R*+3Ri’R?)/ 192s + ¢é
If R1 = Ro= R the first adjustment term reducesR#i4sso that ifRis small in relation
to s, e.g.R=s/1Q the first term becomes400(cf: Figure5-1 Positional errors As

discussed earlier, this result suggests that the distance betweesepatted pairs of
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points whose precise location is unknown (e.g. subjesanapling error and assumed to
lie anywhere within a small circle of error) is likely to be very close to the true distance.
If the true error distribution is more heavily weighted towards the true position (e.g. a
Polar Normal distribution with standaréwdationR/2) then the error will be smaller

still.

On the other hand, if we hage2R (i.e. the two circles are touching), then the

adjustment term achieves its maximum vaR&or s/16(i.e. 12.5%). Likewise, with

two adjacent (horizontally alignedjjuares, withR now the siddength,E(r) ¢ 1.088R

(i.e. under 9%). These cases are more akin to trip distribution analysis based on zones.
As a first estimate, the area of adjacent zones could be computed armbimerip

length estimates adjusted upwa by a factor obtained by comparing the areas and

shapes with the results applying to circular or rectangular regions. Véion trip

lengths can then be computed using the results provided earlier and the results weighted
by the expected volume aifis of each type to produce an adjusted estimate for total
travel. If there are a large number of regions, the statistical variation in lengths as a

contribution to the totals is likely to be small and can generally be omitted.

The principal mean valuesults reported and derived in these two sections can be
summarised in table formatgble6-1). The results also may be compared with those in
Table6-3, below and the related discussion on trip pattarm®iruniform circular

regions.

Table 6-1 Selected distance statistics in 1- and 2-dimensions

Metric | Mean value Line, L Circle, r (r=1) Rectangle a, b (a=b=1)
L1 All L/3 512/45/7(1.1528) (at+h)/3 (2/3)
Boundary? L/2 128/947 (1.4410) (at+b)/2 (1)
Centre L/4 8r/3p (0.8488) (a+b)/4 (1/2)
Nearest neighbour L/2/ Apis/) 1/24 +0.4/
L2 All L/3 128r/45p (0.9054) (0.5214)
Boundary? L/2 32r/9p (1.1318) (0.7852)
Centre L/4 21/3 (0.6666) (0.3926)
Nearest neighbour L/2/ 124 124

afor the line and rectangle, the boundary point is taken to be the origin, 0. Mean values will depend on the
fixed point selected on the boundary or elsewhere within or outside of the sample region. Divide the circle
results by pfor direct comparison of the values cited with those of the unit square
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6.4 Shape analysis and area measurement

Taylor! suggested that if a plane figure was divided msguares then tha = n(n-

1)/2 distances between the centres of all pairs of squarekl provide a description of

the shape. This description was then interpretable as the set of all possiplarivo

trips within the shape. In order to ensure that the set of such distances is independent of
square size or positioning we may extend thiggestion by letting the size of the

squares become arbitrarily small such tihends to infinity.

In order to find the distribution of distances within the shape under these conditions
requires sampling pairs of points at random from within thentled shapeHigure

6-3). The distributionp(r, s), of Euclidean distances within the figusecan be
normalised in order to be independent of the size of the figure by dividing sampled
distance pairs by the largest value samdle or by using the area of the sampled
region as a divisor. If we |&=r/D, then the distributiop(R, § whereR / [0,1] has
been found by the present author (by simul&fjaio be a unimodal, welbehaved
distribution for a wide variety of convex aonther figures, and can be closely
approximated by the Beta distributiora comparison of higher moments using a Beta
distribution with mean and variance matching the sampled data is providiatla

6-2:

Table 6-2 Beta fit to selected sample shape distributions

Shape Sample Fitted Beta

€3 €4 €3 €4
Square 0.1043 0.0622 0.1048 0.0629
Equilateral triangle 0.1248 0.0805 0.1242 0.0794
Simple cross shape 0.1225 0.0809 0.1213 0.0787
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Figure 6-3 lllustration of the sampling of distances within a bounded figure
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Whilst these results are encouraging, they provide only a very limited measure of the
original shape, since it is possible thae set of all paths in different shapes could be
extremely similar. Furthermore, paths taken as straight line distances falling strictly
within the figure providelatmaddsurseo whiadl
(x2,y2) and &s,y3) or (Xa,ys) in Figure6-3 are not permitted. The latter may be

meaningful, of course, if travel patterns (taking into account road networks) or

telecommunication links, were the subject of analysis.

The distributionp(r,s) provides ameasue of the area of convex shapes:Aebe any
continuous convex figure of ardd, in the Euclidean plane bounded by a rectangle,
with sides of lengtta andb. LetL be the set of all randomly generated lineX endK
be the subset of these lines tfat within A, thenE(P) =  a(lk/1j. From a practical
standpoint, however, it is simpler and more convenient to use point sampling (the

proportion of randomly sampled points fallingAhin order to estimate the areafof

6.5 Trip distributions

The fourth a@rection from which statistical distance distributions have been derived
arises from trip distribution research, especially the field of road traffic, shopping and
journey to work patterns and to a lesser extent, marriage distances. Vaughan (cited
earlier)notes that extensive research into actual joutnayork trips has shown that
distances travelled can be described by a Gamma distribution. An explanation for this

observation may be a combination of the fact that the Gamma distribution can be
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In the field of traffic study a great deal of work has been carried out by the late

Professor Smeed and his ass@s4t They consider three types of journey for an

idealised urban area (uniform and independent distribution of homes and workplaces in

a circular city):

(i)

consideration

(ii)

internal journeys, having origin and destination inside the area under

crosscordon jouneys, having origin inside and destination outside the area,

or vice versa (outside the area being defined as lying on the boundary) and

(iii)

being between two points located on theaaboundary)

through journeys, having origin and destination outside the area (defined as

Superimposed on this typology is a routing variable, wherein statistics are derived for

various types of alpervasive routing (e.g. direct, via radials or ring roads, and on

lattices). For lattice routing, including rectilinear road pattetims routing is defined as

including only one turn. Calculations of travel intensities per unit area and by type of

road

have

al so

been

mad e

by

Smeedds

crossing densities calculated. The table below provides emmawrof many of their

results as compiled by Holroyd and reported in Vaughan.

Table 6-3 Average lengths of random journeys, uniform circular town

Routing system Internal journey Cross cordon journey Through journey
Direct 128r/45° = 0.932r/9° = 1.]4r /] = 1.2
Radial 4a/3 = 1.333r 5r/3 = 1.667r 2r = 2.000r

External ring 2r/ 3+ ‘vl 2 = 2|r/ 3+ "/ 2 =|{"r/2 = 1.5
Internal ring 4r/3-(4- ") | 2 H3;? 5r/3-(4- ") | 2 HFY | 2r-(4-") | 2
Radial-arc 4r/ 15+4 v/ 15 =|r/ 3+ "r/3 =|1"r/2 = 1.5
External ring/radial 4r/3-19r /45" = 1.15/3r /" = 1.3|2r-2r/ = 1.
Internal ring/radial 4r/3-2 ) | " Y 240 95 4587|5132 | S+ 2r2y |
Radial-arc/radial 4r/3-16r / 159 r= 0.]5/34r /3" =1.12r2r/ = 1.
Rectangular 512r P=415153r 12 8r?=9441r 16 r2E1.621r
Triangular 25671 a3+mo88r 6 4r & 3+41948r 8 r &371.404r
n-directional 256n.tan(’ /| xn £5° 64ntan(C / rn D’ 8n.tan(" /| xn?’
Hexagonal 512r F=415153r 128 r2=9.441r 16 r2F1.621r

r = radius of town, } = radius of internal ring
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Vaughan, in Chapter 5 of his book, provides a very thorough and clear presentation of

many of the results produced and alternative methods wiraymt these formulae.

In connection with research into sound wave propagation, HorSwitamined
problems similar to the &é6through journey.:
range of figures, including rectangles. As with the results of Gfagsltit.), the

distribution function and moments are quite complex, with the closed form mean value

for a square with side lengt§, being similar to that for internal journeys:

M= (3In(L++/2) +1- V/2)S/p =0.709%

This result is der i whebyframdom papint 6rroaedsideaof i o n
the square is selected and a random direction taken, noting the length of the path as it
crosses one of the other sides. Somewhat surprisingly, this value is slightly less than the
length of a random chord (generated similar manner) for a circle, radiRs of

equivalent areain this caseM=4R/p, thus for a circle of unit are®=4/p*2. Other

propagation models over the square and circle are equally valid but may yield different
mean value$. For example, if @oint is selected from any side of a square at random

and a second point is selected from any other side at random, the mean path length

differs from that above and experimental evidence derived by the present author

suggests thadwl¢ 0.8690S

Yet anotheresult M=,pS/4) is obtained if one consider the average lengths of paths
created when random lines intersect a squarelVangD/4 for the same process when
applied to circular regioR$of diameteD. These observations provide theoretical
models against whh field observations and simulations may be measured, but also
focus attention on the need for simulations to be constructed with great care to ensure

that they represent the behaviour being modelled as closely as possible.

The results imMable6-3 can be used to calculate the efficiency of alternative road
networking designs based on the assumptions stated earlier. Taking a unit radius town,
with an optional internal ring road half way to the town perimeter, we find that direct

and multidirectional (3+) routing methods are the most efficidiab|e6-4), and that
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routes based on grid patterns and ring roads (internal or external) are substantially less

efficient

than grid patterns).

(cf.

Davi

Table 6-4 Values for average lengths of random journeys, uniform circular town

Routing system Internal journey Cross cordon journey Through journey
Direct 1.000 1.000 1.000
Radial 1.473 1.473 1.571
External ring 2.472 1.682 1.234
Internal ring 1.420 1.356 1.403
Radial-arc 1.220 1.220 1.234
External ring/radial 1.325 1.191 1.068
Internal ring/radial 1.205 1.226 1.321
Radial-arc/radial 1.098 1.097 1.071
Rectangular 1.274 1.273 1.273
Triangular 1.103 1.102 1.103
N-directional (n=6) 1.024 1.023 1.024
Hexagonal 1.274 1.273 1.273

The values in the table above have beemmalisedby dividing each by the journey

direct route value (e.g. 0.905 for coiun

1), thus

the figur

similar to the parameterdiscussed earlier (Sectidn2.4. Vaughan provides an

d s oientedrouted sesshonter/fasteo N t h

es pi

analysis of route factors from a large sample of cities in the world and concludes that for

many aroute factor of 1.27 (roughly /) applies. He also confirms thatias ¢ in the

n-directional model the normalised distance tends to 1, as expected. The great advantage

of such theoretical models is that they facilitate contintgpace analysis and enable

design of traffic system®te undertaken in cases that might otherwise be impossible

or impractical using discrete netwerdr latticebased approaches.

The models above assume uniformity in the probability distribution of point pairs (for

example, homes and workplaces). Howetlegre are many instances where this is

known not to be the case. VaugFfaexamines the fit of various models which are more

compl ex

low number of parameters, and mathemati@aitability. A simple, but very restricted

t han

Smeedds

but

whi ch

have

t hr e

example, is to consider average trip lengths from homes located in a circular city to the

city centre, where the central region is a circle of ragilyjsand homes are assumed to

be uniformly distributed in an antaw region fromR1to R2 In this case the mean
distance to the city centre regior2lR1>+R1R2+R2)/3(R1+R2, which reduces to
2R/3if R1=0, as shown in the previous Section. Following a review of Exponential,

Power, Normal and Gamma models Vaughan eated that the quadNormal
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distribution is the most powerful opti&hbut even this did not fit the data as well as

one would wish and is at the limits of analytic complexity.

Variation of the density of trip ends as a simple inverse distance rulgteoaity
centre in a circular town has been considered by Smeed. He found the average length of
internal trips in a unit radius town to be 0.725, i.e. lower than in a uniform model, as

would be expected.

Taking a more general approach to this problenmight consider a city of circular, or
part circular form, in which the population densiy{or appropriate variable) varies
with distancey, from the city centre. We may then look at the distribution of trip
distances generated in this town where tledability of commencing and terminating
trips is proportional to the density distribution. Experimental evidence shows that for
many cities an inverse power expression of the form:

dx = ab™ wherea andb are parameters wi#>0, b>0

provides a usefulehsity model. Setting = In(b) we can convert this expression into a

probability model:
p(x) = In(b). b*
Now, if we lete-  =(b) themp(x) = &and sincé™ = e™®xwe have
px)= & Xe
which has a mean value (e.g. the mean distancedrbome to the city centre) of/ . o
Let the probability that a point sampled lies in the directidom an arbitrary fixed

line be defined by:

gdy= 1/ whereO¢d¢q , and2 0 < (
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then any pair(x;, i represent polar coordinates of a randanmfin the city sampled
from p(x) andq(d). Because the distribution dfis independent of it is possible to

combine the two and determine the mean and variance for the varfablbere

2= X1° + X221 2x1x2C 0 $- fhl|d

andx, iark polar coorithates of sampled points in the plane. This shows that for a
circular city*®:

E(r)= 4/ and Var(r)= 48/ &

i.e. E(r?) = 4 if & =, Whilst for a semtircle E(r?) © 3.2 For partially circular cities with
central angle between a seanicle and full @rcle, some routes (those in whigchd d|

> ) Will be indirect (via the centre).

The probability distributionp(r), and moments of distances in this model are not

readily derived analytically but can be obtained by simulation. This shows that the most
frequent journeys are short trips in and around the city centre. For example, suppose
that a city has 80% of its population living within 1 mile of the city centre and 20%
further away. Then 64% of random journeys will between points in the centre aad sin
the average length of such trips is roughly 0.9m (in a uniform road system) most
journeys in the city as a whole will be short. Of course, in real cities, journeys are not
between random points/people, but more usually between a (random) point/person an
facility (e.g. the shops and offices in the city centre). In this case radial distances may be
more appropriate and actual travel patterns will simply be a direct reflection of the

population distribution (density as a function of distance from tlyeceittre).

For a convex subset of a circular city, direct routes remain possible and expressions for
the mean and variance Bfcan be obtained. More generally, cities, regions, islands etc.
are not symmetric and paths for travel (as opposed to flighttewommunications

links) must take into account the land variations, obstacles and the physical
infrastructure available. One approach to the latter issue is to use an alternative metric

or rule, such as
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r=d(x,y) wherex andy are sampled coordites andd represents

the adopted rule.

For circular cities this approach has been discussed extensively by Holroyd, Smeed and
others (op. cit.). Extension of their theoretical work to other shapes has been limited.
One measure appropriate to some cisdabe Manhattan metric described earlier (i.e.

L1). In this case

F={xat x| +y:T yel

If random trips take place in a rectangular city of sidely (vith this metric, each
distance componenk andy) can be regarded as independent, and each weuld
uniformly distributed. The absolute value of the difference between two uniform

distributions is a triangular distributibrwith means and variances that may be added,

giving

E(r) = (a+ b)/3 and Var(r) = (a®+ b?)/18

whi ch cor r es pesuldfer rahdom gointe dohgaaring sf lendtheited
earlier (Sectior6.3andTable6-1).

Other examples of research into aamform models includenarriage distances for
example, in a study iRinistere, northern Frantefound that the assumption of a

uniform distribution was inappropriatein this case the authors suggested that a more
complex probability surface would be more satisfactoegrestneighbour statistics
Eberhardt® and Dace$f have considered nearest neighbour relations in point patterns in
the nonuniform unbounded plane; astuster modelling there is an enormous body of

|l iterature dealing with écontagious and

both analytic andomputational methods widely studied.

6.6 Summary

This Chapter has focused on deriving, collating and developing analytic solutions to

spatial statistical problems in bounded regions using a variety of (relatively simple)
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metrics. Within epidemiological artdp distribution research there is an argument for
augmenting and/or replacing analytical models such as those described above with
computerised simulations which may incorporate quite complex assumptions. For
example, in traffic studies, assumptions whiake into account: the actual shape of the
city, the distributions of homes and workplaces, a variety of routing systems and arterial
effects, trip chaining, feedback effects, known development plans etc. Analytic models
can then provide test cases faudbset of such simulations, e.g. for calibration

purposes.

However, the predictive power of all these approaches, including simulation, must be
treated with caution. Blumenféfthighlighted many of the key issues in the early days
of traffic simulation:possible changes in travel behaviour over time; the impact of
travel on land use; within sampled/simulated tigh& variance; omission of intizone

traffic (and problems of zone definition and usage noted earlier); changes in the
underlying trip distrilotion, e.g. as a result of changes in the home/workplace
distributions (independent of and/or caused by, infrastructure changes); simplifications
in the modelling of transport systems (roads, rmalbidal journeys) especially when
considering future servisawhich are currently neexistent; and simplification of cost
models (e.qg. tariffs for fuel, parking, differential tariffs for various modes of transport,
over time). As computers and software systems have become more powerful, some of
these factors carelminimised and/or explicitly incorporated into sophisticated choice
models and decisiesupport systems models, but many uncertainties will always

remain.
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7 Paths and Surfaces

In preceding Sections we have considered the probledefiofng distance, measuring
length, utilising distance statistics and finding optimal locations. Much of this review
and analysis has focused on results in Euclidean space, notablydihee@sional

plane, even in those cases where the metric used et on the Cartesian formula.

This Chapteand associated Annexes 2 arde8amines more generalised metrics and
surfaces; in particular we focus on optimal paths and their applicability to spatial
analysis. We provide the theoretical and practicairfdations for the most difficult

class of problems we considethese relate to the determination of optimal paths
across real landscapes taking into account variable generalised costs and constraints
on permissible paths. In addition to expli@nalytic) solutions for selected variable

cost surface problems, new techniques for solving the more general problems are
presented. The first of these techniques builds upon the image processing algorithms
known as Distance Transforms, whilst the second bugds existing work in the field

of kinodynamicgthe study of moving robotic devige$he robotics algorithm RRT is
coupled with variational methods of optimisation to provide the basis for a procedure
we call VORTAL.
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7.1 Introduction

The primary concern ithis Section is with continuous metric spaces and with the
location of paths on smooth surfacegl{ghensional manifold$ rather than routes
through lattices or networks. Although numerical solutions to continuous space
problems often involve the use atticelike structures or triangulation of the solution

space, these follow rather than precede the definition and analysis of the problem

The geographic background to optimal path location has two main origins. The first lies

in the work of economic ahtransport geographéssh o have exami ned 01
(optical) refractiond in some detail . Thi
consideration of the nature of continuous geographic space. We examine these two
approaches in the following Section beftaekling the more general problem of

optimal paths across variable surfaces anduroform (generalised) cost fields. The

general problem we would ideally like to be able to solve is:

given a variable physical surface, containing existing natural aad made
structures, and given variations in the generalised cost over a sample region,
which patlfs) offer the least cost between arbitrary points and satisfy one or
more constraints?

In this connectiongeneralised cost fieldsre assumed to be definabded initially they
are taken as scalar rather than vector in form. The ¢enstraintss taken to include

any factor that acts as a constraint on possible solution paths, including for example,
obstacles, gradient, curvature, number of direction clgngil cost, number of

intersections, permissible solution space, proximity requirements etc.

7.2 Refraction models

The first area, the scalled law of refraction, states that the optimum path (least cost,

least time) between two points in adjacentregmris di f f eri ng O6costsb
at the boundary of the two regions in a similar manner to the refraction of light. The
argument which leads to this conclusion takes an objective funztitmbe minimised,

as.
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z = fid(A,B) + fd(E,B)

wheref; and f are cost functions applying in zones 1 and 2, and the path to be
optimised in that betweehandB via E (Figure7-1).

Figure 7-1 The law of refraction (after Losch?)

Sea (freight rate f;)

Land (freight rate f,) b |

thus

z=fJa® +(c- X)? + F,\02 + X
Differentiating and equating to zero, we have:

h _ sina
f, sinb

which determines the site for poibj the point of refraction, if such a point exists. If
f1=f, then the angledandb will be the same, and the line will be straightf,#>f,
then sinOwill tend to O indicating that the refraction will pull any path to the normal at

the point of incidence in such cases.

Re-arranging the above expression we have:
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b= sin‘lé f,sina @

¢ f =

From this formula, iU =7, f3=0l andf, = 2, thenb? 15, i.e. given an approach path
to a region of higher cost, the path direction will be refracted towards the normal at the

point of incidence. Furthermore, if we &t =" th@res i = 1 &hd we have

sinb:L

Thus for each ratio of costs there is some angle of approach to the bobnddrgreby
the path will not be refracted into the second zone at all, but will run along the boundary

edge and may subsequently beaefed back upon itself (or in theory, reflected).
Beckman (op. cit.) and Werrtdrave extended these simple results to include:

) quite general flows rather than just simple flows and/or construction costs
(i) multiple regions and continuous variations istsoand flows, and

(i)  networks of paths and alternative network topologies

Cases (ii) and (iii) are discussed and developed later in this Chapter. More recently
Hyman and Mayhefhave examined the impact of fast routes, such as urban ring roads,

on travel p#terns using refractive models.

I f an optimal path is sought which must
series of refractions will occlirt hese are 6l ocal 6 being def
path being taken across the surface. If theoregare arbitrarily narrow the variation in

cost will become increasingly smooth and approximates a continuously varying

function across which optimal paths will appear as smooth curves over sections of the
route Figure7-2). Swch paths remain consistent with the behaviour of refracting light in

media whose refractive index may vary from point to goint
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Figure 7-2 Multiple refractions of paths in varying cost regions

Side effec$ of these observations are that any path which is orthogonal to a change in

the cost surface will not be refracted, and that a very narrow but high cost element in an
otherwise uniform cost surface will also have little or no effect on the path, ewen if t

path approach is not orthogoriah fact, if it is not orthogonal it will distort an

ot herwise smooth path with two brief, sh:

minor roads crossing railways or motorways.

Furthermore, the refraction model asges that boundaries are wa#fined, wel
behaved, and O0correctlyd6 represented whi
elsewhere not to be the case (although they apggarso when represented in a GIS

system). Indeed, with polyline representatiéthe boundaries of discrete cost regions
diffraction occurs at every vertexSome of these problems may be reduced by

artificially smoothing the boundaries between cost zones using area techniques similar

to those used in the measurement methods distessker (e.g. seigure7-3), but in

general alternative models are required in order to avoidleaahissues.
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Figure 7-3 Application of a smoothing region to refractive boundaries

Sea (freight rate f;)

i

-

Land (freight rate fZ)K

Local andglobal (long range) path optimisation issues highlight inadequacies in models
based on refractive or similar concepigure 7-4 illustrates some of these points with

a simple example. PatBA andBjA show direct outes ignoring freight rates. Paths

BAj, BjAj andBjAjj show conventionally derived freight rate adjusted routes, none of
which reach their target and two of which are deflected into high cost path directions.
The optimal solutions are paths that explbé harrowness of the region aroudd.e.

depend upon the width of the high cost zone rather than any simple refractive model.

Methods that explore the solution space and/oispem it are more likely to find

optimal or near optimal solutions than mads based solely on optical analogues.
Methods which exhaustively explore the solution space, or are capable of exhaustive
exploration when taken to the limit, can be expected to provide improved solutions but

at a possible cost penalty in terms of compatel requirements.
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Figure 7-4 Example errors in path location using refraction methods

A

Freight rate f; Freight rate f,

A" Freight rate f,

-

Freight rate f;

7.3 Continuous space models

The second main area of research into optimal path location, as noted above, derives
from theworks of Warnt2, Toblef® and Isard. All three authors have investigated
features of continuous namiform geographic space. Warntz in particular considered
the problem of choosing optimal flight paths across large sections of the Earth, such as
the USAand North Atlantic. In connection with this research he postulated that we

may:

Ai.. 1 magine a portion of the physical
a time surface or a cost surface, with optimum paths regarded as geodesics

on their appropriates ur f acesé t hese time geodesic
although generally not straight paths
nevertheless straight with respect to
Angel and Hymatt uphold this postulate for the case dfuaclidean plane surface and a
particular c¢class of transport O6cost®8d6, t
(cf. previous Chapters). Their work has been extended by Williams and CRaizaf

who have investigated optimal ring road sitingadially symmetric fields.

Warnt z6 resul ts ar eraydmalogied reftactibnamdgvave fyontf r o m
progression are key tools in his analysis of path problems. An important feature of this
approach is that the destination point is noeaplicit variable in the problemthe

only way to reach the destination is to start at the origin, head off in several directions
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and apply rules governing the direction that the path takes as one progresses. Essentially
this is aninitial value approachsince the path is determined by the start point and

initial direction. Rules which have been used to govern the progress of path direction
include: the | aw of refractidmont (descri be:
constructio®, Wer ner 6 slel9(@g veo siimen rof Snel |l 6s L:
optimum curvature principle (log directional derivativef the cost function devised by
Howardet.al)) ; and B esukaonthe durvature of a single trunk in a traffic

flow (vector) field.

Moreecent studies have focused on Warntz©o
(ACS), whereby the cost of some variable (e.g. land costs) is calculated in all directions
around a given initial point. This process is continued outwards from each point,

resultirg in a set of locations that are at an equal cost distance from the origin. Through
these locations lines of equal cost (isolines) can be drawn, and from the origin, lines
(which are cost geodesics) may be constructed which cross the isolines at rigbt angl
Representing this model using a square lattice it becomeswvt to implementation

within modern GIS frameworksindeed, ACS is now widely available in commercial

GIS packages.

The GIS versions of this method involves a istage process in the first stage an

ACS must be created from the target or destination point spreading out to all possible
source or start points; the second stage then involves construction of the path from the
source to the destination across this cost surface (typagllying a steepest descent
rule). This technique is illustrated below using the example given above which
highlighted problems with the refraction approach:
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Figure 7-5 Cost surface, accumulated cost surface and solution paths
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A. Cost surface B. Accumulated cost surface

In this (much simplified) model the freight rates have been takérhsindf,=2, and
during ACS c on s{impve accumaaton®have peerr used.kAd can be
seen, the ACS ntieod finds a good approximation to the least cost patBAoand a
reasonable approximation fBiM. This is because it islang-rangesolution, being a
two-stage initial value method commencing from the destination and building a
geodesic map outwards. It is effectively a systematic exploration process; this contrasts
with methods that are singiagelocal solution methods, i.e. those, such as refraction,
that rely on discovering the path as it proceeds across the surface. In this particular
example there are many different paths of identical overall cost, but all of the
alternatives from the twdart points exploit routes that seek out the narrowest band of
higher freight costs.

It is reasonable to ask whether the A@&thods intrinsically symmetri€& and whether

the spreading process can take place simultaneously from sources and destirtagions.
figures below Figure7-6 A and B) examine these questions using the same diagram as
before. The first observation to be made is that the solution path found in both cases is
different from that shown in the previous ACS condtian. This is a result of the grid
resolution and ACS construction rules appliecbmmencing fronBNj] does al t er
path, in this case to a route closer to the-fpa&ce cost optimum, although the overall

cost i s unchanged. Il n gener al both grid
construction and path sel adfectACS perfofmance.6dr a i

The second observation is that simultaneous spreading from both ends will require a
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subsequent search process for the optimal route, since there are multiple initial possible
directions fromBNj At amd each needs to be exploredfbbe an optimal route (which

may not be unique) is found.

Figure 7-6 Accumulated cost surface 1 alternative constructions

20|19 \A 17 |16 | 15|14 |13 | 14|15 |16 | 17 | 18 |19 2|1 \A 1 2 3 4 5 6|7 8 9 |10 |11
19|18 |1 16 |15 |14 | 13 |12 |13 |14 | 15| 16| 17 | 18 3 2 x 2 3 4 5 6 |7 8 9 | 10|11 |12
18|17 | 16\ 15\ 14 |13 |12 |11 |13 | 15| 17 | 18 | 19 | 20 4 13 2\ 3 4 5 6 7 9 10| 11 | 12 | 13 | 14
17|16 | 15 }\Q :Ea\ 12|11 |10 | 12 | 14| 16| 17 | 18 | 19 514 3 \ 5 6|7 8 10| 12| 13| 14| 15|16
16|15 | 14 |13\| 12 | 11\ 10 | 9 11| 13|14 | 15| 16 | 17 6 5 4 |5 6 7 8 9 11| 13|14 | 15| 16 | 17
15|14 | 13 |12 11 | 10 \9\ 8 10 | 11| 12 | 13| 14 | 15 7 6 516 7|8 \9\ 8 10 | 11|12 | 13| 14 |15
19|17 | 15 | 13 :I\ 9 707 8|9 10| 11| 12 | 13 9|8 7 18 3\ 10| 7 || 7 8|9 10| 11 | 12 | 13
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8| 7 6|5 4|3 2\ 1 2 3| 4 5 6|7 8| 7 6|5 41 3 2\ 1 2 3|4 5 6|7
7| 6 5| 4 3 2 1[p 1 2 3|4 5|6 7| 6 5| 4 3 2 1(p 1 2 3|4 5|6
A. Reverse path construction B. Dual-point spreading

Warntz, Lindgre® and Daiglag* state thathe solution path is a path of steepest

descent across an ACS. However, if more than one path has an equivalent accumulated
cost, there is a strong argument for choosing a path that also satisfies other criteria, such
as one that avoidseep (physical) gradients or complex/erratic path shapes.

Furthermore, the steepest descent rule can result in incorrect path selection (similar to
that noted earlier, as shownkigure5-21, for Distance Transform solutions). time

example shown iffigure7-7 we use the local Euclidean metric@®) but similar

results would be observed with other chamfer metrics. The yellow squares in the first
two diagrams show the start (1,2) and end (5,2) pointseafailite. In this example the

cost surface includes a number of high values that are included to force the path in one
of two directions. The ACS has been generated by the Euclidean chamfer for distance
and the commonly used procedure of allocating 50%etobsts to each cell pair, i.e. if

the path goes from a cell of value 1 to one of 5, the allocated cost is 1/2 + 5/2 = 3 for a
vertical or horizontal step ar@® times these values for a diagonal step. The steepest
descent path from the start is a fal(292) of 7.742, but the least cost path should be via
(1,3), a fall of 6.5. This result is an artefact, being a function of the lattice resolution and

path construction process.
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The problem can be reduced significantly if the steepest descent proo@spiged to

cell borders rather than centiies the above example, the cell border value from the
start over the least cost path is 7.6815 as compared with 9.5 for the apparent steepest
path. Alternatively the fall in costs between cells must be compatbdhe fall in

overall path cost, which requires repeated computations or use of additional stored
values. How common such errors occur is difficult to determine without detailed
information on the implementation of ACS algorithms in specific softwerdyzts, but

there is clearly scope for problems of this kind to occur.

Figure 7-7 ACS and steepest descent

Cost sudace Accumulated cost surface (ACS)

50 10 3 1 1 13.742 7.242 5.414

50 7 50 1 1 6 1414

50 1 50 1 1 2 3414

50 1 50 1 1 1 2.414

50 1 1 1 1 0 1 2

ACS Least cost path ACS Steepest descent path

The ACS approaktNo iguetrwypimedlhloyd,aifne. it p
multiplequesb ns or O6queriesd at the same ti me,
target pointfromanydiist arting pointso. There are se
including 11, 1-N, mN, N-1 andN-N, wherem, N may be a subset of all possible

points in the soliion space. The main advantage of the ACS method is its optimal or

near optimal behaviour in many cases, subject to the limitations of the underlying grid
based symmetric cost model and associated metrics. Its main disadvantages are: (i) it

may require adrge number of possible paths to be calculated for a single destination

point (e.g. a route across a 10kriOkm grid with a 10meter target accuracy could
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require a million initial calculations); (ii) it does not explicitly incorporate the landscape
asawriableit hi s must be addressed indirectly,
a valid assumption; (iii) because it is a muliage process it is not suitable for reale

or exploratory problems; and (iv) it is not suitable in its standard forrmtiltiple point
connectivity N-N) and i nter mediate connectivity (
However, despite these limitations it is of considerable value, and provides the basis for

a set of procedures we develop below (Sectidid usi ng ADiIi stance Ti

7.4 Shortest paths on smooth surfaces

The previous Section describes techniques that have been applied, with varying degrees
of success, to cost functions over a smooth plane. What paths apply if the surface is not

a perfectly flat surface? The mathematical literature has only considered shortest paths

on very regular, welbehaved smooth surfaces, such as a plane, a sphere and a cone.
Despite the development of differential geometry as a major subject in itsgivin ri

analytical solutions for more general surfaces have not been widely pursued. For

example, thdoundary valuguestiolrn what i s the shortest dis
arbitrarily selected points on a polynomial surfagg,)? das been the subject of only

limited study. General methods for solving such problems, even for analytic surfaces,

are not readily available.

Geodesics on smooth surfaces satisfy the condition that their principal normal (a vector)
coincides with the normal of the surface that ttrayersé®. For a sphere this means

that great circles are the only geodesics, since only for these curves does the path
normal correspond to the surface normal. For elliptic paraboloids (discussed further
below) a substantial amount of research e3é$tsm which a useful theorem
concerning geodesics has been produced.
and its value in the present analysis is purely as a means of verifying the accuracy of
numerical solutions to the elliptic paraboloid problem. Foshaother (non

developable) surfaces such additional results are not available.
For surfaces of revolution (radially symmetric surfaces) where a function sach as

f(x) in the planey=0 is rotated about theaxis, some results have been obtained. k thi

case the surface can be parameterised by the polar equations:

236



Paths and Surfaces

X = ucosv, y = usinv, z )

In some cases geodesics on such surfaces can be found by analytic means and in all

cases a first integral of the differential equations for the geodesid¢raantainetf.

For polynomial surfaces the problem is far more difficult. Since the elliptic paraboloid
represents one of the simplest examples of a surface without excessive symmetry,
attention is now given to the question of finding geodesics on ttiecsy as a guide to
generalisation of the findings to more complex surfaces. This kind of surface is
produced when fitting a second order equation to sampled data. Thus an elliptic
paraboloid is a hiflor valleylike form, which has elliptical contoursd parabolic
transects. Its equation is of the form:

Z= X
a2

2
+ Y

5 wherea andb are constants.

oy

The parametric equations are
X = aucosv, y = businv, z =u

In order to traverse a path of the shortest possible length between two pa@ntsBA

on such a surface, one must minimise the expression:
B Vo
z=¥s= ff (uu',v)dv
A v,

wheredsis the expression for incremental distance on this surfacégfe4-1
Sample metrigsandF(u , U i8 this expression viewed asme function of the
parametric components v anddu/dv. The objective is to find the geodesic cunu@),
which minimises this (Functional) expression. Incremental distalsces, defined in

Cartesian coordinates using the Riemannian metric:
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ds® = gudx? + gradxdy + gadydx +gpody?

where:gii=1 + £, g2 = 1+f\? and go=g21=f.fy

thus: dg = (1+4x%a*)dx? +(8xy/&b?)dxdy H1+4y%/b*)dy?

In this case, as for many surfaces, a differential equation for the geodesic can be derived
but it is not amenablto analytic solution and numerical methods must therefore be

used.

Minimisation ofz can be achieved by a number of numerical techniques, which fall into

four broad classes:

(1) minimisation of the integral as it stands

(i) minimisation of the integral by sdion of the associated differential
equation known as Eul erdéds equation

(i) minimisation (in certain cases) by appeal to special properties of the surface
under consideration

(iv)  minimisation by computational (exploratory) methods

Each of these cases is examinethie Sections below.

Geographic data, whether topographical or generalised cost data, is rarely if ever
provided or strictly representable as a convenient surface or curve equation. Typically
the information is available on a sampled point set, grar@a (choropleth or

dasymetric) basis and in order to apply continuous space models and methods, this data
has to be used to generate a suitable continuous and possibly smooth surface. Likewise,
paths that are effectively polines due to their method ofpture, creation or storage,

appear as angular polygons rather than smooth curves.

One of the most useful groups of approximating function for the generation of smooth

curves and surfaces purpose is the cubic sfifamily. These have the properties of:

(@) being the smoothest possible functions of their type
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(b)  exactly passing through sampled points, and

(c) being twice differentiable (in both directions in the case of surfaces)

If necessary bcubic spline surfaces can be fitted to irregular lattices, suaHadsce
generated from key points of a Pakhiscape
cubic spline surface is essentially a surface created by fitting a series of cubic curves to
each pair of points on the grid, such that each curve smooth$/gato the next pair of

points (originally splines were very thin pieces of wood, made to pass through a set of

pin-like gates in order to match difficult contours, e.g. car door profiles, aircraft wings).

The use of cubic and4oubic splines has bedested by the author using simple cost
functions defined over the plane, such(ag) = ay+b andf(x,y) = aly, with a range of
origin and destination points. The analytical solutions (see further, Annex 2) were
compared with (a) those obtained usingtéirdifference methods; and (b)dibic

spline approximation followed by finite difference methods, and the results for the two
methods were almost identical. In a similar manner, the path through sets of solution
points may be represented by cubic sgioecombinations of circular and linear
segments, or more complex curves such as hyperbolic cosines. These provide smooth
solution paths where required and can be constructed in accordance vépie pifeed

curvature conditions.

7.4.1 Direct minimisation of the integral

Essentially the main techniques here are:

(a) Gr eens plaepléces by anpstep apprdximationl,, where:

with boundary conditionso=u(vo) andun=u(Vvn), where(uo,vo) and(un,v») are the end
points of thegeodesic. The equation can then be minimised by partial differentiation
and equating the result to 0 fierl toi=n. This gives a system ofnonlinear equations
in n-1 unknowns which may be solved by an extension of NesRaphsof¥ iterative

methods.
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(b) RayleighRitz method¥, whereby the geodesirgv) is assumed to have a particular
form, e.g. a simple cubic, and this expression is substituted in the functional which is
then integrated. The unknown constants are then found by performing partial

differentiations, equating these to 0, and solving the equations as in (a)

Both of these methods were examined for the elliptic and hyperbolic paraboloid cases.
Case i(a) was successfully applied but was found to be enormously complex
algebraically and very coputer intensive once the equations were derived and coded.

Case i(b) was rejected as impracfitah preference for method (ii)b, below.

742 Mi ni mi sation by solution of Euler

Eul er6s equati®n may be written as

=0

dv

Qo
o

W d
LU

e
E
I

This is asecondorder nonlinear differential equation and hence, in general, both
analytically intractable and in some instances difficult to solve using numerical

method$®. The main numerical methods for its solution include:

(a) finite difference method$
(b) shootingmethod&, and
(c) Chebychev methody

Methods (a) and (c) require linearisation of the equation before its solution whilst
method (b) does not but is amtial valuerather than ®oundary valugechnique. A

variant of (b) which approximates a boundary vapproach is to generate initial value
solutions from either end of the solution space and attempt to match the paths at some
intermediate point. Developments of this approach are explored in Sé&idand
Chapter8.

In the various methods of this case (ii), one is starting with a differential equation of the

form:
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Yii(¥) = f(x, y, ¥)

In (a) the differential termgj andyjj are replaced by central difference approximations

and the resulting seff equations solved (with or without linearisation).

Method (b) takes the equation

Yii(¥) = f(x, y, ¥)

as the starting point once more, but substitatesj to produce a pair of first order

equations:
Yi=2z
zi=f(x,vy, 2

These equations mayeh be integrated with respect¢oover the intervax, to x1,

giving:

X X
“=Yor fRdX and =%+ [y (x Y. 2)dx
X0 Xo

whereyo = y(Xo) andzo=yj(Xo). Sinceyo is given butz is unknown, a series of guesses
can be made fap and the progress ofdlgeodesic paths so generated can be plotted.
This produces a geodesic map from which interpolétioay be used to correctly
selectzo and hence determine the true path to the destination point. However, such
methods do not ensure that globally least pashs are found (i.e. thefimum

requirement is not necessarily met). A successful development of this approach has
been made by Kimmel, Amir and Bruckst&im order to determine minimal length
paths between regions on a variable surface whose herglhdsfaned across a square
grid. They utiliseH u y g émavefont propagationprinciple (also known as the
entropy conditiohto handle singularities that occur, i.e. specifying that once any point

is reached by the wave front it is notexamined andhie front proceeds. This is also
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described in terms of a prairie fire or burning flame analogy (which we utilise later in

this study) whereby once a particle (point) is burnt it cannot be reignited.

Method (b) can be extended to include gradient and awerabnstraints by the

inclusion of additional equations. The path gradignt,fxdx/ds + fdy/dsand the
constraintg<N% whereN is a design target, could be incorporated in some solution
methods. Likewise curvature, which is a more complex second difterential

expression, could also be introduced in a similar manner. In practice such models are
very difficult to construct and the likelihood of achieving a solution using this approach

with more general and complex surfaces is small.

Method (c) was lao tested and found to be fast and accurate, but relatively complex to
implement for genergburpose use. Essentially this method is similar to the Raleigh

Ritz method, with the unknown geodesic being approximated by a polynomial of
minimal variation (a @ebychev polynomiéf), whose coefficients must be found by
solving a series of equations. Further discussion of power series solutions applied to the
related problem of least cost paths is includedinnex 2- Geodesics onost surfaces

The main problem with all of these methods is the difficulty of extending them to more
complex and/or real world surfaces and incorporating constraints. Their principal
attraction lies in the possibility of finding very accurate approximatiopsitio

locations and length in special, welkfined cases. These may then be used to check and
calibrate alternative procedures, such as those based on alternative computational

algorithms.

7.4.3 Lattice-based methods

With the availability of very higkspeed comyters it has become possible to consider
radically different approaches to solving such equations. For example, the surface in
question could be approximated by a triangular, square or even hexagonal lattice, and
shortest paths computed between latticaggaiising the full range of network and

related algorithms available, as discussed briefly in Sebt®&
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7.4.3.1 Topographic variations

The use of chamfer metrics and distance transform models on square lattices using 8+1
(i.e. 9=3) cells can be extended to a thdimensional model, in this case using 26+1

cells (i.e. 27 = 6 faces, 8 corners, 12 edges + 3celB) in order to allow for all

possible directions. A-B or 2.5D digitised (lattice) surface can be viewed asa 3

graph, with arcs connecting each point to its immediate neighbours such that the arcs
are weighted by a local distance estimate based on three weights (for faces, corners and
edges). In this case the optimum local weightings are no longer unique but dppand u
the model assumptions one makdswever, in a range of testirfaceswith and

without obstacles, Kiryati and Szek&yound that solution paths were similar with

weights of (0.9016,1.289,1.615) and (0.8940,1.3409,1.5879). These tests were
conductedn relatively simple surfaces with a maximum resolution of 128 pixels in any
one dimension, and the authors recognise that the solution method is almost certainly
subject to problems of local minima and possible substantial path location changes with
smallchanges in the modelling process.

Since land surfaces are effectively oped thanifolds, the need for al3 model is
questionablé in principle a slopeadjusted 2D model should provide satisfactory
solutions. Such a model requires computation oe#itgnated slope distance (i.e. height
adjusted) for each cell position, and will typically require multiple iterations or passes
rather than the normal@ass algorithm (se&nnex 3i Sample algorithms An

example is shown belown this case the physical surface has been modelled as an
elliptical hill with steep sides, using an elliptic paraboloid equation (see elliptical
contours in the diagram) and then a cumulative least distance surface has been
generated from a 5x5 heigatjusted Borgefors DT. The distance isolines from the left
centre of the diagram are shown and geodesics may be constructed by plotting paths
orthogonal to these lines from any point in the sample region to the DT origin or using

computed or stored path verdpas illustrated.
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Figure 7-8 Geodesic path determination by distance transform
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Realworld landscapes are rarely as simple and unless steep;liters&uctures exist

the shortest paths will generally tery close to straight line plane transe€igure

7-9A shows an relief map of a 400x400 sample 25m Digital Elevation Model (DEM)
dataset (i.e. a region of 100 square kms) in the Pentland Hills area, just south of
Edinburgh. Théeight difference between the valley to the right of the map and the
highest point on the hills to the left is around 300m, or almost 1000 foot. However,
isolines emanating from the map centre (200,200) are found to be almost circular,
indicating that shdest paths on the surface (not least effort paths) are closely
approximated by straight lines, despite the presence of the hills. This result is explained
by the fact that much of this landscape actually has relatively gentle slopes (under 20°),
the heighdifference is less than 10% of the plane distance from centre to boundary, and

that the hills are broadly linear rather than deeply cut.

However, if the dataset is treated as a 10m DEM tiseaéng results in some path
modification, and when treated a 2.5m DEM the rscaling results in substantial
distortion of the isolines as shownkigure7-9B. This finding confirms that for most
realworld landscapes (and GIS systems) a very good approximation to the shortest
distance aross a landscape can be obtained by computing the surface length along a

transect.

244



Paths and Surfaces

Figure 7-9 Relief map and distance isoline distortion in rugged terrain

A. Relief map of Pentland Hills sample region: B. Image map and distance isolines:
25m DEM dataset 2.5m data model

7.4.3.2 Cost variations

The solution of shortest path problems across physical surfaces can be generalised,
much in the manner described in Seco?.4.5 to include metrics that allow for
variations in generalised O6costdé (i.e.
a number of studies of travel tiffé&-=1/v wherev is velocity. The revised (Functional)

equation may be written, minimigewhere

Z=f}ds andF is the local cost per unit length of path

Several methods for minimising this functional have been sought Wwheneplaced by

a lattice of points, with the underlying surface being the Euclidean‘pl&@mith, Peg

and Gahinéf have described a solution procedure for the special case where the
physical space is a uniform plane and the cost space is described by triangular regions,
each of varying but internally uniform costs. Mitchell, Mount and Papadimitriou

provide a solution procedure for a polyhedral terrain model with uniform costs. There
have also been attempts tedefine the ACS method as a grapleoretic problertf,

with some success but at the cost of increased complexity and problem size.
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Goodchild® has analysed the quality of solutions which involve rectangular lattice
approximations to the cost functidh, and whi ch permit path s
move, queends move and digued0dandB).Heni ght 0

observed that:

ATwo kinds of error, elongation and d
paths on flat cost surfaces. On general [cost] surfaces the presence of

varying degrees of elongation leads to a lack of convergence between lattice

and continuousurface solutions. But the ties between the costs of different

paths, which led to possible deviation error on flat surfaces, tend to be
resolved on de/83Fr al surfaces. 0

Figure 7-10 Lattice moves

Rook's moves Queen's moves ] )
Equivalent rook's move (Manhattan metric) paths

+ K L
. ° ° g Equivalent queen's move paths

Knlghts moves

}’\\ < Continuous space optimum
2

v

These findings show that with fairly flat cost surfaces, optimal paths found by lattice
methods will normally be longer (more expensive) than continuous space solutions and
may deviate substant i asolutiopnsimayalso rdqiire alargee st «
number of searches and calculations, as noted earlier. Path approximation does not
necessarily improve as the lattice becomes finer although it will improve where more
directions are handled, but the number of pathsaochegrows rapidly. Trietséh

recommends the use of a honeycomb (hexagonal) lattice witlird@ional search on

the grounds that (a) the maximum horizontal alignment error is low, at roughly 3.5%;

and (b) when constructing highways and rail links thézbatal curvature constraints

which apply effectively determine the minimum cell size (e.g. at 500metres +); these

two factors combine to ensure the number of lattice paths to be considered remains
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manageable. The evidence from our earlier review of chramdérics suggests that for

most purposes use of a hexagonal lattice is not necessary, assuming an appropriate local
3x3 or 5x5 metric is adopted. Furthermore, in the next Chapter we show that a wide
range of pattinding and location problems can be adde using variants of the

Distance Transform procedure.

As noted earlier, Goodchild also considered refraction and related optical analogies
(diffraction, reflection) as approaches to the solution of {east path location

problems. He discusses seVdiraitations of simple refractive approaches, notably the
problem of reaching a | ow cost region hi
the problem of path diffraction at vertices. He observes that the optimal path should

diffract around the edgd the high cost zone since refraction will necessarily lead to a
sub-optimal solutioni this is essentially the same situation as encountering an obstacle,
with paths diffracting around its edges as illustrateigure5-20. Thisproblem also

occurs with numerical methods for the solution of differential equations.

Distance transforms can be applied in such situations with considerable success. A
simple illustration of this is provided irigure7-11A and B. The first diagram, A,

shows refracted isolines and paths where the cost surface to the right of the centre line is
set at 2 units as compared with 1 unit to the left. A fractional 3x3 transform was used in
this case (see further, Secti®ri.3.2andAnnex 3i Sample algorithms

A similar arrangement but with constant costs is shown in the second diagram, B. This
shows a fixed barrier with a single, nar.
transform has been applied, with origin at the centre left of the diagram. Lines of
constant distance (cost) emanate unifor ml
crossing point, and spread out again uniforintg obtain correct path alignment a

higherorder DT (e.g. 5x5 or exact Euclidean DT) is recommended. This pattern is a

direct analogy of optical diffraction of light through a slit.
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Figure 7-11 Simple refraction and diffraction effects by 3x3 distance transform

90 100

A. Refraction across a simple cost boundary B. Diffraction of paths in a constant cost field

A more complex example is shownHkigure7-12 (generated using a 5x5 fractional
chamfer DT). In this case the samplgiom has a variable cost field defined such that

the lower left corner of the diagram has a cost of 1 unit, whilst the remaining area has a
cost of 2 units. The source point in this case is taken as the lower left corner and a
selection of least cost patblsown. As can be seen, diffraction occurs at the vertex of

the cost zone, and with complex zone boundaries, multiple refractions of this type will

occur producing an extremely complex overall picture.

Figure 7-12 Path diffraction at a zone vertex
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The question of handling localised high cost zones also applies to linear obstructions,
such as roads and railways (and region boundaries). Since linear, high cost features, are
by their nature narrow, their refitive effect may be negligible. However, on a larger

scale the alternatives of crossing either one or two railways, for example, may have a
substantial impact on total road construction costs. For this reason, local optimisation
methods could be conductaitially without these linear elements being integrated into

the cost surface and/or by solving a series of separate but linked topologically distinct
continuous space problems, selecting the overall least cost path from the set of solutions
achieved. Anmportant drawback of this approach is that it introduces more boundaries,
and increasingly optimal paths will possess sharp angles/changes of direction. To
identify least cost paths in such situations (and in all cases where high cost zones exist)
a seris of separate initial value problems could be solved or a more sophisticated search
or multi-pass optimisation approach adopted. This latter strategy has much to commend

it and is discussed further below.

7.5 Lattice-free search methods

The preceding sectioave described approaches for tackling problems that are a

subset of the general problem defined at the start of this Chapter. For example,
approaches assume that the physical surface is a plane or a lattice of points defined over
the plane, and/or that sts are uniform, and/or that no barriers exist, and/or that no
additional constraints (e.g. gradient restrictions) apply. If one seeks a methodology for
addressing all these issues simultaneously without imposition of a lattice or network
structure, it iclear that a radically different approach or set of approaches is needed.

One, very promising, family of approaches is based on the computerised exploration of
the sample space, with (i) a set of rules governing the exploratory process, and (ii) a set
of rules relating to the use of the results of this exploration. These ideas have similarity
with early exploration of the continents, when trackers set out to seek practical routes
into the heart of Africa or across the Rocky Mountains of America. Morerdurr

analogies include studies of the movement of insects such as ants, the motion of robots
in cluttered environments, military exercises and searntgrescue operations. In all

cases there is an exploration and learning phase, followed by a more stiysttase

designed to achieve a predetermined goal (e.g. a target location, food source, enemy,
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injured personé). Although such met hods |
Transform approaches described earlier, they are more powerful in terms abiligir
to handle complex problems, such as those involving complicated constraints, barriers,

asymmetric (e.g. vector) data and nypidiint (network design) problems.

In this Section we examine and develop methods that are based on recent research into
moving robots and associated animations. This field, knovikmaslynamicsis

concerned with finding solution paths for moving complex objects (robots, robotic

arms, vehicles) in cluttered @r 3-dimensional spacefor example, to ensure that the
roboticarm of the space shuttle does not collide with parts of the international space
station or to enable Mars Lander vehicles to traverse a landscape of complex and largely

unknown form.

A related class of problems involves the movement of humans or roleeites within
buildingsi an example problem is illustratédn Figure7-13. In this particular case the

path was computed using the screen image pixels as a form of lattice and solving for the
shortest path using a standard ailfpon such as Dijkstra ok*, but the authors have

commonly used lattice free procedures for similar problems. It should be noted that
using graph search algorithms, such as Di
(path length and local directip due to the effective application of a local Euclidean

chamfer.

The scientists working in this field have found that feasible solutions can be determined
guickly using an approach known as Opath
routes by a wie range of techniques, all of which are coupled with proximity metrics.

The latter are designed to ensure that the moving item does not bump into obstacles.
Such methods are therefore concerned with very complex spaces, fast (possibly real
time) path findhg, with a limited range of additional constraintmainly proximity but

in some cases, path curvature as well since this is related to feasible motions at a given

velocity.
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Figure 7-13 Path planning within a office

© James Kuffner

These methods do not always seek out optimal paths, but by generating many different
feasible paths one or more near optimal paths may be found and/or alternative path
configurations found. If the space and constraintvang complex, the researchers

have found that many of the more obvious systematic methods fail or are tao slow
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principally because they get stuck in localised deads and subptimal regions. One
solution to this has been to use random trees fordplemtory phase, followed in our

case by an optimisation phase that utilises some of the results of our earlier theoretical
analyses. Below we describe a powerful new ypdéimning procedure that we have
developed based on such methods, VORTAL.

7.5.1 VORTAL

The computational methodology we describe in this Section we call VORTAL

Variational Optimisation of Random Trees ALgorithm. It is designed to solve complex
realworld pathfinding problemsinZl i mensi onal free space (i
d o mai n 6 )todothis, VORTALemust be able to find optimal, or near optimal,
solutions to simple problems for which analytic solutions are available. In this Section
we describe the basic algorithm and initially examine its application to a simple
unweighted thre@oint path finding problem that includes obstacles. If there are no
obstacles and the bounding triangle has no angles of 120 degrees or more, this problem
yields a single optimal solution with an intermediate point (known as a Steiner point)
linked to the lhiree vertices. These three paths meet at 120 degrees and the solution point
can be determined by an iterative procedure. Thebstacles case provides one test of

the procedureb6s optimality.

Definitions: the procedure requires as input a number of vimsaincluding the location
of the initial three points and the obstacle(s) if any; the initial step size to be used for the
random trees search phase; the step size to be used for the variational phase; and

(optionally) the cost per unit distance for gimplest cost model.

Search phase: the algorithm grows random (se&lf’oiding) trees from each point. As the
trees grow the branches are checked to ensure that they lie within the sample space, do
not cross any obstacles or come closer to any obstaabtisesrbranches than

permitted. When two of the trees are close enough to join, their growth is stopped and a
third path is generated between the point at which the first pair meet and the tree
emanating from the third final point. We now (hopefully) haveasible but sub

optimal path.
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Optimisation phase: the optimisation phase involves a combination of tension
considerations and variational optimisation. The tension process is equivalent to pulling
on each path in turn, as if it were a string, untisiti 6 ti ia grécéssé that involves
removing intermediate points until no further path reduction is achieved. The simplified
path has far fewer steps, is closer to the optimal path, but still consists of intermediate
vertices from the original feasible patat may not lie on the true optimal path. The
variational phase of optimisation involves migrating each point of this limited subset
towards locally optimal positions by moving each one by the variational step size in any
one of 8 directions until thetal path cost is no longer significantly improved. The
variational and tension optimisation procedures are iterated to ensure that lecal sub
optimal points and paths are eliminated as far as possible. Checks are made at each step
to ensure the constraingsroximity and retention within the solution space in this case)
are maintained. The algorithm is described in greater detainmex 3i Sample

algorithms2.

This process is illustrated Figure7-14. The random tree growth process is biased in
order to encourage growth towards the target (as per a Correlated Random Walk) and
the black line shows the initial feasible path. The three coloured lines then show the
result of the optimisation phase. The upg@gram shows one pair of alternative

solutions (with two convex obstacles) whilst the lower pair shows alternative topologies
with three obstacles. The effect of the proximity constraint (i.e. a blikeeoperation)

can be seen clearly in each of theshkitions. It can be seen that there may be numerous
alternative solutions, for which total costs may differ substantially or possibly by very
little. In either case, the alternative solutions provide a costed set from which choices
may then be made. Ihe second pair shown, where there are three obstacles, the right

hand solution has a total l ength or &écosH
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Figure 7-14 VORTAL procedure applied to 2- and 3- obstacle problems
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Because the VORTAL algorithm involves a tree search process from each verte
additional constraints such as concave obstacles or path gradient constraints can be
incorporated in the manner described earlier. Curvature constraints could be included
within the initial search phase or within an intermediate smoothing phase prior to
optimisation. Cost and/or physical landscape variation can then be handled within the

optimisation phase based on the procedures described.

However, the introduction of such constraints will frequently result in unsolvable
problemsi or at least, problas which are unsuitable for treatment in this manner. In
Figure7-15we show four examples of gradiestnstrained RRT (Vortal) seaféh

Each shows an area of the Pentland Hills just south of Edinburgh (as used earlier in our
discussion on Distance Transforms, $agure7-9), plotted as a greyscale image based

on the underlying DEM dataset which is a 400x400 lattice of 25metre squares. The
darkest areas are the highest, with the {giloured valleys of th River Esk and the

Water of Leith visible on either side, and with small streams (burns) identifiable

amongst the steep hills.
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Figure 7-15 Gradient constrained RRT search

A. Successful search, 100m steps B. Unsuccessful search 100m steps

C. Successful search, 200m steps D. Successful search, 20% gradient

1 InCases A, B and C the gradient constraint is 10%. Case A shows the RRT
search (red tree elements), initial solution path (black line) atidlioptimised
solution (blue line), based on selection of a point pair which does not have the
dark line of hills obstructing the paththe solution path closely matches the
path of the old Roman Road in this area, which is now the route of the main
A702trunk road. The path step length in this case was 4 units, thus the step
length was 100 metres, which means that the start and end of a step cannot be
more than 10m different in height (infill/smoothing is assumed across the step
length). There is clearlgome scope for further path improvement by additional

optimisation and path smoothing
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1 Case B shows the same model using the same start point but an end point due
West of the start point, across the hillg this case the search procedure fails to
find an acceptable path after 5000 iteratidrgiven more time it probably
would find an acceptable path along the narrow river valley but the search
process is very inefficient

1 Case C is the same as Case B but using a longer stepilendthis case a
solution path was located quite rapidly

1 Case D attempts to find a path from the map centre at (200,200) to the North
West corner, across the Pentland Hills, but with a 20% gradient constraint and
100m steps, and here it su@pdeend s e(dde @
shown in blue, would involve a substantial amount ofandfill to be usable
and a longer optimised path that remained closer to the black line would

probably be more acceptable

What these examples illustrate is that the addition ofignadonstraints raises many

guestions about feasible paths,-anttill requirements, smoothness considerations,

i ssues of what is meant by o6optimal 6 patl
to constrained problems. Examining the slope mapePentland sample region

(Figure7-16) highlights the difficulty of finding acceptable paths based on the source

DEM. In this Figure we have remapped the base data to reflect the 25m grid scale and
plotted slopes of 10+ degrei@syellow, 20+ degrees in blue and 60+ degrees if 1@&d

10 degree slope is almost 1 in 5 (20%).

Figure 7-16 Slope map of Pentland sample region
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The VORTAL algorithm runs very quickly on a modern desk®@pon the obstacle
avoidance problems described, unless the configuration of obstacles or constraints is
such that a solution is impossible or near impossible. Speeds vary for the topographical
surface problems, depending very much on the constrainted@pid landscape

involved. Reduction of the step size in the search phase does not tend to improve the
likelihood of finding feasible solutions and increases the search time, whilst increasing
the step size can sometimes result in (coarser) solutionslbeatgd rapidlyi reducing

the proximity size does not tend to have such effects. Obviously performance of the
algorithm will be affected by the spacing of obstacles, and solutions will not be found if
step sizes are chosen which are large in relatiofject separation. Likewise, the
introduction of gradient constraints will frequently prevent a solution from being found
rapidly, even if one may exist. Multiple runs of the process yield alternative feasible
topologies, whose length and cost/benefits thay be compared. Note that this

process does not require the calculation of accumulated cost surfaces nor the use of

analogies to the paths that light waves might be expected to take.

7.6 Summary

Analysis of the simplest physical and cost surfaces highltgktsglifficulty of locating
shortest paths. Analytic solutions can be derived for a smaketubf cost surfaces

defined over the uniform plane, but in general numerical methods are required. These
methods are simplest to apply when treated as a satiaf-value problems and

solutions sought by scalled shooting methods. The problem with these methods, as
with most initial value approaches, is that there is no guarantee that the destination will

be reached or, if achieved, that the solution pathbeilbptimal or near optimal.

Improved optimisation techniques are required in which complex problems can be
solved, where the destination is an explicit part of the solution process and in which the
whole of the possible solution space will theoretichlysearched for a feasible

solution. Analytic solutions do provide clues to geodesic path behaviour that can be
utilised in optimisation algorithms and as components in model environments where the
closeness of a numerical solution to the known optimatk(s) can be assessed.

Furthermore, if a generalised cost surface is fitted to (a subset of) the solution space
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then the shortest path can be partially determined from analytic resultswill be a

(set of) curves deviating from the plane path awasnftbe gradient of highest cost. In

the case of linear approximations these paths will be hyperbolic cosine/inverse
hyperbolic cosine in general form; in the case of simple inverse cost functions these
paths will be arcs of circles. Information of this kicah be used to determine the best
direction for initiatvalue methods at the start or within a path searching process, and in

the smoothing and optimisation phases.

Overall, however, one must conclude that the solution of boundding problems for
gereral surfaces can only be achieved using a rpaks processknowing the start

point, end point and characteristics of the terrain and/or costs at all locations are
necessary but not sufficient conditions for the computation of optimal paths.
Computatimal procedures, based on lattice or fspace searching procedures, offer the
most effective group of solution methods. Amongst these, search procedures such as
VORTAL and Distance Transforms, provide practical and rapid approaches to a wide

range of spal analysis problems.
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ectifying pl

Let curve C be parameterised ity arc length, s, thus C = {{5), x(9)} = x(s). Then the unit tangent to

this curve is defined bgé = %=£. The unit vector which is perpendicular to the unit tangent and lies
ds =~ ~

in the plane ofgq# is called the principanormal, n,, to the curve(s). The three vectors comprised of

the normal, tangent and the-bormal, b, determine three planes and an orthogonal coordinate system
with origin P, as shown. A more immediately recognisable definition of the osculatingshtame

above is that it is the plane in which two successive tangents to the curve both lie.

Surface: (see figure, beloyw

(=}

Let a surface, S, be parameterised by two variables, u and v, i.e. let(8,9{%(u,V), x(u,\)} =
X(u,v) then the tangent® the surface are defined by the two partial differentiatsda =x, and

dx/dv=xy
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8 Networks and optimal location:

I n the foll owing Sections we apply a numl
problems in network design and location thebrryotably Steiner networks, Fermat

Weber poblems and velocitfield traffic modelling. Solutions for a variety of problems
under a range of metrics and variable cost and velocity surfaces are discussed in some
detail and solution methods presented. Amongst other results, we provide a near exact
analytic solution for the weighted3int Steiner problem in the plane with constant

costs. In addition new procedures are described, which we refer to as Multiple

Weighted Distance TransforrldWDT) and Least Cost Distance Transfor(h€DT),

with a rangeof applications in location theory, transport planning and decision

support. These procedures are particularly suited to implementation within GIS

software packages. We conclude with a discussion of generalisations of several network
design problems in wbih paths are leastost or leastime geodesics rather than

Euclidean straight lines.
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8.1 Steiner and Fermat-Weber problems

8.1.1 Steiner problems

An important problem in network design and general location tAéotlat of finding
a point,P(x,y), lying intermedate to three fixed verticedy, A, As, such that the total
network length is minimised, i.e. such that the function:

3 3
z=éWj\/((Xj - X7+ (Y, - y)z):awidj
j=1

=1

is minimised, where(x;,y;) are the coordinates of the three poilstsy is a positive

weight associated witthej" vertex, and the conditions are:
pz/px =0 and pz/py=0

The point,P, satisfying this equation is known as a Steiner paintl will always lie
inside or on the trianglas, A, As. Furthermore, if all the weightseequal P will lie at
one of the vertices if the triangle contains an angle of d2énore, and will lie within

the triangle if no angle is greater than 180ch that the vecto®A are equally spaced
at 120 from each otherRigure8-1). This problem generalises to the case where there
are a larger numben,? 3, of vertices or fixed points, arkd¢ n-2 Steiner or floating
points. In the notation of modern location théptiie single point anki-point problems

with Euclidean metd are denoted using thepgsition forms:
1/PN/L/S  and  Kk/IPAILYS

The positional notation used here indicates: number of points/ type of problem/
restrictions/ metric/ objective function. ThR&/R/Li/ Swould indicate a planar
problem involving a seah for two locations, with a restricted region and rectilinear

metric, with the sum of weighted distances as the objective function.
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Figure 8-1 A simple 3-vertex Steiner network

Much of the research intdteiner networks (also known as Steiner trees or Steiner
minimal treessm) focuses upon the efficient solution of problems whnegelarge (e.g.
1000+) and all weights are equal. Exact and heuristic algorithms exist for these cases

with both Euclideangsmj and Manhattan or rectilinear metricsrf)®.

The location(x,y) can be found iteratively from the above partial differentials, using the

exact solution to

3
min. z=3 w,d,’
=1

as a starting point or by use of a generated cost surfave.dt. af. note that the
commonly used iterative method can be improved by the addition of a small adjustment
or perturbationl to the distance model to avoid the risk of singularities in the

generalised MAT problem (which occur at vertices):

d, = (- 0+ (y, - v)*+¢)

They have also examined the behaviour of the iterative model undgyribem, with
1<p<2, and found that it attinues to behave well in most instarit&raphical, bubble

and mechanical analogues (e.g. Varignon frames) may also be used in many cases but

267



Networks and optimal location

are less practical than analytic and heuristic methods. If the weights are noPeailial,
be ¢pul ldiedid ofithe resultaet of the weighted vectors. In this case the

angles between the vectors will no longer be equal.

A comparison of the results obtained when using shortest distances and shortest squared
distances with unit weights is shown beldvigure8-2) 1 the exact solutiorR, in this
case was obtained by generation abat surfacgwithin the triangle ABC and

identifying its minimum value.

The Steiner point location is unaffected by the position of a single vertax ihoved
away from the Steiner point in the same direction as its védaday. ifPBin the
diagram below was twice as long it would have no effect on the locatiénHwever,
the location of; is affected substantiallythe less regular the trialegthe furtheP,

will be from P (assuming the Steiner point is not located at a vertex).

Figure 8-2 Solution to a 3-point Steiner problem vs centroid solution, P1
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The centroid estimate of the Steiner pagnof the form:

S S 2 S
Kinit :aWij/a Wi Yinit :aijj/a W,
=1 =1

= =

This estimate is poor in many cases, especially where the triangle is elongated and it is

of interest to ask if there is a much better approximatimeally an approximation that
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is almost exact. A better approximation should provide an estimated position such that
the objective function is as close to the optimal value as possible, and is always or
almost always better than the centroid estimate. The estimates we have devised below
havethis property and, subject to additional criteria of solution acceptability in specific
realworld problems, may be used in place of, or as an improved starting point for,

iterative methods (having first tested that none of the vertices is the optimum):

3 3 3 3
Y Kk . . K - Y K . e K -
X =AW, xjsmmqj/a w, sinmg; , Yo=aw, yjsmmqj/a W, sinmg,
=1

= = =1

whereq > 0 is the interior angle of the triangle at vertemx = 1/2andk = 4. The

angles are very simply found from the rudé= b2+ ¢?7 2bccog), wherea, b andc are

the lengths of the three sidefkthe triangle andyis the angle between the sides of

lengthb andc. Tests of this approximation by the author have found that the objective
function is estimated to within 0.5% or better of its optimum value on average (and
under 2.5% at most) whenethwweights are all equal, and to within 0.5% on average (5%
max) with randomly selected weights. In all tests checks were made to see if one of the
weights exceeded the sum of the other twosuch cases the estimated point was taken
as the vertex in quaen. Improvements over the centroid estimate are generally
substantial (20%+ in many cases). If an iterative process is then used to find the optimal
location, the following equations will provide the convergence required using the
perturbed Euclidean ma&t (generally within 2 iterations or less when using the

proposed approximation):

3 3
Xk+1:aWij/dj,k/a w;/d;,

=1 =1

3 3
Yir =AW Y, /dj,k/a W, /dj,k
j=1

j=1
whered is distance from thg" vertex to thek!" estimated optimal location, and

iteration is continued until the chge in the objective function or both coordinates is

less than a prepecified value.
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As noted earlier, Steiner @sngenelizdseom wi t h
vertices anan¢ n-2 Steiner points. However the number of possible topologies grows
rapidly (e.g. shown to be over 3500 with just 6 points by Gilbert and P)jaoid

rapid optimal solution for large problems may not be praéticekample applications

include the selection of sites for factories or warehouses to serve a set of ttwns wi
variable demand, such that total distribution costs are minimised, and the construction

of a network connecting a set of vertices in such a way as to minimise building costs,
operating costs or some performance criteria such as signal strength atyd(gsiati

telecommunications network design).

From the perspective of construction costs, assuming intersection costs (e.g.
roundabouts, data switches) are not too expensive, Steiner minimal networks are very
attractive. However, from the perspectiveaaiser of such networks, e.g. road or ralil
user, a fully connected network is more attractive since every point is directly connected
to every other point, minimising individual trip lengths/journey times or
telecommunications network transition delaysséwming neither factor totally

dominates cost or utility, a compromise between these two extremes in the triangular
case would be similar to that shown beldwg(re8-3). This is essentially a rincadial
topological structure. Tdhybrid network is constructed from the Steiner minimal
network with the Steiner point being replaced by a reduced image of the bounding
triangle, ABC.

Figure 8-3 Hybrid network solution

y
3 B
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The five main etwork topologies for the triangle of points ABCHRigure8-3 are: (a)
Steiner minimal networksfn); (b) centroid solution network; (c) shortest path (no
intermediate Steiner points) so a minimal spanning tres (n this caseconsisting of
links AB and AC, (d) hybrid network, as peigure8-3 (several variants possible) and
(e) fully connected points (the triangle ABC). In this example the solution lengths

relative to (a) are:

(b) +10% (c) +5% (d) +33% (e) +78%.

The extra build cost of the hybrid network is o2 but its great advantage is that the
operating cost in terms of user travel distances (and hence time and cost) is almost as
good as the fully connected solution. Recent studies $izygested that user costs
outweigh construction and maintenance costs on new roads by a factor of 3 to 10 times

over 30 years, highlighting the importance of including all costs and benefits. In

general,asMassdfhas noted, in tla&tiossearch for t he
Ai... account must be taken of a vari e
operating costs, utilization patterns, environmental costs and the distribution
of social costs and benefits among i ni

The ratio,I's = length(msd/length(snt) is known as the Steiner Ratio. The Euclidean
Steiner Ratio in the plane is never higher th&B Zbriginally conjectured by Gilbert
and Pollack, op. cit.) and never higher than 3/2 undelctheetrict,

8.1.2 Fermat-Weber problems

If the number of verticesrarigins is greater than three and a single optimally located
facility location is sought, the problem becomes one of minimising the aggregate
distance (with a given metric) to the facility. It is known that the optimal solution will

lie either at a verteor inside the convex hull of the vertex set (this is not the case if the
distance measure used does not satisfy full metric conditions, e.qg. if there is
asymmetry?). For example, with 4 vertices the convex hull will consist of either 3 or 4
points. If trere are only 3 points in the convex hull the approximation model used in the
Steiner case will no longer apply and a centre of gravity starting point should be used

with the Euclidean metric. By simulation we can show thaiNfeb points the centre of
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grawuty will provide an approximation that lies within 5% of the true objective function
optimum in almost all instances (i.e. for problems of t§f#&Y/L./S, using the notation
provided above). Approximate single point solutions for the 4 and 5 vertexmages

be derived in a similar manner as for the three point case: with 4 vertices all points form
a convex hull or three of the four form such a hull, with the fourth point being inside

this hull and being used in a final adjustment; with 5 vertices the lemiceapplies but

there may be 0, 1 or 2 points inside the convex hull.

With multiple facilities to be found the minimisation is often described as bging a
medianproblem, which is generally solved using locatadlocation algorithms, as
discussed eéer. If the number of dimensions is greater than 2 these problems are

essentially a subset of cluster analysis problems.

Although no exact solution method is known for such problems, fast approximations are
possible. For example, in a recent paper Bbheshwari and Moritt have examined

the use of a form of hybrid metric, similar t&-@irectional lattice or gauge metric, and
shown than this can facilitate fast approximation to an arbitrary degree of accuracy.
Furthermore, our earlier comments on usrignear approximation model in the
computation of sums of distances applies directly to problems of thi$ typést this
approach will not provide exact optimum solutions they will provide rapid, near optimal

solutions utilising limited processing pew

Procedures for the solution of many of the problems described above, and numerous
others, have been incorporated into standard software suites. These include problems
incorporating obstacles and/or restricted areas, and a wide range of metrics. For
example, details of almost 80 classes of problem have been incorporated into one such
library, LOLA (Library of Location Algorithm¥).

8.1.3 Distance transform solutions

In Section5.2.8we described the use of chamfer metrics andmtistéransforms (DTs).
We showed that the distance transform of a point, cell or object (set of cells) on a lattice

is a set of values that are the distances of each lattice point to the nearest object cell.
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There are many possible applications of thsugrof transforms in spatial analysis. In

the case of the direct use of DTS, one recent application has been to the built
environment by the architect, Carlo RYitAs part of his research into urban texture he
analysedhe micreaccessibility of building with respect to facilities such as bus stops,
tube stations, shops, etc, in sample areas o#D00T, and extended the analysis to

include accessibilityvithin buildings. This approach can be applied to larger urban

street networks in order to computesest paths and accessibility surfaces, as we now
demonstrate. The example illustratedrigure8-4 shows an area of central London that
has been the subject of detailed study in connection with the management and planning
of the annuaNotting Hill Carnival*®. The procedure adopted in this example was as

follows:

(1) From a vector file of London road and transport routed\ibting Hill area
was identified and the study region saved as a bitiFigpie8-4A)

(i) The bitmap was then edited to rem&Westway(an elevated road) and one
or two rail/tube lines that were included in the original flad the width of
one or two roads were increased for experimental purposes. The file was
then saved as a RAW (binafgrmat image file

(i) A small program was written to read the RAW (binary) file and recode the
data so that routes were set to a temporary value of 5555, inaccessible areas
(buildings etc) to 9999 and the target point in the center of the studyxarea (
=104,y = 166) set to 0. Values of 9999 in the file are treated as barriers in
step (iv), below: the sample region is roughly 320 x 250 pixels, each pixel
being approximately fhetressquare; roads are all 3+ pixels wide

(iv) A simple local Euclidean 3x3 DT with canaints (as described in Section
5.2.8 was run on the data matrix, iterated (6 iterations in this example) to
ensure that all points were reached and calculated distances were convergent;
this distance surface was saved as 8CAGRD file in geographic (i.e. not
image) order, and then displayed graphically as showigimre8-4B. The
colourshave been selected to emulate the 'burning fire' analogy to this type
of transform (i.e. as if a fire startstine centreand grows outwards within
the street network). The scale on the right hand side of the diagram has a real
maximum value of <300 units (i.e. around 1.8kms) with values above this

used for the buitup (constrained access) regions of the sangaees
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Figure 8-4 Accessibility and shortest paths in urban areas

A. Binary image of the urban transport network in the Notting Hill area of central London

Image map: this map includes a major elevated road (fWestwayd and some rail links that have
been removed prior to the analysis of street accessibility below

B. Distance transform of street network around point (104, 166) in geographic coordinates

300

250

200

130

100

a0

S0 © 100 © o150 T 200 12580

Scale: 1 pixel/cell ¢ 6 metres ; Colours indicate distance by street from selected point in a
Oburning fired anal ogy
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A number of initial observations should be made about this application of distance

transforms:

(i)

(ii)

(iii)

(iv)

v)

The way in which the map matrix has been generated is not as satisfactory as
working from an aeéal photograph or high resolutiorector street map, so

the layout is somewhat indicativeanalyses of this type need to be

computed on high resolution degats if they are to be used in planning and
urban design programmes

Checking a selection of thead distances computed to the sample region
borders from one or more test points will confirm whether the estimation
process works correctly and matches the true road map within the tolerances
of the approximations made above; because of the narrow coinfities

model the gradient of actual values/colours on the routes provides the
optimal routing through the streets, based on unrestricted aceksstively

this is an accessibility surface with respect to the selected point

Because only a single poiwas the target, and the sample region is finite,
some roads will be 'unreachable’ from/to the target (i.e. they are not
connected to the remaining street netwenkhen applying DTs to problems

of this type it is advisable to include a buffer zone ardhedstudy area to
ensure that the best possible coverage and connectivity is achieved
Processing time on this dataset is quite fast; for the same problem but
incorporating the carnival parade route and sound system points results are
computable in the sanamount of timeKigure8-5). Larger areas/finer

detail can be readily handle@ resolution of 1 metre (e.g. around 2000 x
1500 cells) should be computable without too much difficulty, although
processing time will depend on hatwas coded and what processor type
and operating system is used

The unrestricted access assumption in this specific case, and in general,
needs closer examinatiern the case of Carlo Ratti's research (where he
looks at texture and accessibility in yesmall urban regions of 100 to 250

sq metres) there is an assumption that areas not built upon are uniformly
accessible and usable (e.g. by pedestrians) which is clearly not true in most
cities. Depending on the requirements, models of the type desabbsd

will need to be modified if barriers across roads exist (easily incorporated);
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if pedestrians are restricted to pavements (manageable); and if physical
traffic flows are to be considered where regucdimitations and onavay

streets exist (more awplicated).

A further observation is that DT solution matrices, such as those generated for the
Notting Hill case study, may be analysed with simple statistical and mathematical
measures enabling alternative layouts to be assessed directly. For exanhaease

of the carnival parade routEigure8-5), the mean distance in the solution set is just

over 300 metres, with a standard deviation of around 250 metres and a maximum value
of 1km'®. Alternative routes may be analysedtiis way, enabling direct comparison of

the solutions from an accessibility perspective, and potentially, with a view to reducing
overall pedestrian movements and increasing safety. Such techniques may be applied in
related problems of optimum locationchuas bus route and bus stop planning, locating
facilities for communities, and potentially in a wide range of other route planning and
built-form design projects. Likewise, local maxima in the DT set indicate urban
watersheds, enabling partitioning algbms (e.g. determination of postal delivery

regions) to be applied in such environments, and facilitating the computation of distance

statisticswithin partitions.
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Figure 8-5 Accessibility and shortest paths i Notting Hill carnival route

A. Notting Hill area of central London i Carnival parade route highlighted

|l mage map: this map now excludes AWestwayo and s
prior to the analysis of street accessibility below

B. Distance transform of street network with respect to Carnival parade
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As per previous diagrams, Scale: 1 pixel/cell ¢ 6 metres; Colours indicate distance by street
from selected point in a O0burning firebé analogy
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8.1.3.1 Multiple weighted distance transforms

If we denote byDT{ A} a distance transform of tydeapplied to an object sef\{} then
we can define the weighted sumpf multiple transforms (or Multiple Weighted
Distance Transforfi, MWDT) as:

Z= a VVIDTK(A)

This is a composite surface, or sévalues, with one or more minima. For thednt
Steiner problem a unique minimum value exists, but the MWDT method may fail to
locate it exactly since the transform selected may not be exhaetquality of the result
will depend on the specific traform used, the type of lattice employed, the resolution
of the lattice, and the behaviour of the cumulative surface (flatter surfaces will have

similar values for the objective function over a larger area).

An example of this procedure applied to a demgroblem with unit weights is shown in
Figure8-6. The three location4, B, C are the source points or vertices, the white

square is the Steiner optimal poiR),(and the red squarP fNfhe minimal value of the
cumulative suiace. Although the MWDT solution is not precisely coincident with the
optimal location, this can be explained by the observation that the yellow region in the
centre of the diagram is almost flat (under 1% variation in the objective function) and
by the irherent approximations involved. In this case a 5x5 fractional chamfer was used
in order to ensure a close match to the location of the optimai®x3 chamfer would

have worked almost as well as far as the objective function is concerned but would have
been a little further from the optimal solution. In the event the solution computed is
within 0.5% of the objective function optimum.
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Figure 8-6 MWDT solution to a sample Steiner problem

Of course, if all onés seeking is the location of the optimum point in a homogeneous
model, there are faster and simpler solutions to this problem. However, as we show
below, the approach does provide the basis for efficient and effective solutions to a
wider range of problas that are less amenable to alternative procedures. In addition to
the optimum location result, this diagram and procedure provides an extremely valuable
additional set of information and tools to prospective users (e.g. planners, spatial

analysts, consuers)i a picture and evaluation of the possible ridaal locations.

Unlike the solution procedures described earlier for Steiner and Vifebeiat

problems, the MWDT approach can address a much wider range of problems with near
optimality. Despite thealculation overhead involvétthis offers many advantages, not

least of which is its simplicity and comprehensibility. An example to illustrate this view

I's that of home finding. I n choosing one:
consideredfor example, how far is the nearest station? where are the nearest good
schools? is the property close to open spaces? how near is the main shopping region?

are there nearby eyesores or industrial plants? These questions can be represented as a
number of dstance transforms, which may be weighted if required, and accumulated,
with o6decision zonesd then generated frol
stations to choose from (shown as red squarEgure8-7) and one otér point, e.g. a

specific school (shown as a black square), the combined cost surface can be generated.
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Figure 8-7 MWDT Decision support diagram

A. Unweighted: upper two red squares are the B. School (black) weighted +50%
stations, lower black square is the school

The yell ow area and subsequent bands mar |
zones from the point of view of minimal overall distance to the school and either one of

the two statias. In the second diagram the additional weighting (importance/cost/time)
associated with the location of the school (1.5) has pulled the desirable region to search
strongly towards the school. Onto these surfaces may be overlaid the actual locations of
the target facilities and the house price data, in order to provide an interactive decision
support facility for the houskuyer, guiding their choice of areas to search and/or

compromises to be made.

With each of these examples exact Euclidean Distarmesiorms (EDTs) can be used

to provide improved solutions, selecting the optimal cell and providing optimal

zoning?. Sample MATLAB code is provided in Annex 3, and a resultant image

equivalent tdrigure8-7B generated using this de is shown belowRigure8-8).

Processing time to compute the transform in this case was under 0.05 seconds for a
100x100 element array and under 2.5 seconds using a 1,000 x 1,000 element array using
a sub 1GHz PC with Windows 200 in both cases graphical rendering of the result

took substantially longer than its computation.
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Figure 8-8 MWDT solution by exact distance transform
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One can envisage systems based on this general bedgllinked to GIS facilities,

with web or desktop interfaces, enabling the development of a range of new interactive
decision support services, coupled with numerical interpretation of alternative
selections. In this context we envisage the MWDT proeds augmenting existing

GIS facilities such as polygon overlay and buffer operations.

8.1.3.2 Least cost distance transforms

The standard distance transform procedure can also be modified to take account of
continuously variable coststhis operation can be ingmented in addition to those
described earlier. In this case we need to define cost values for all lattice points (e.g. a
function or a set of values) and multiply the incremental (neighbourhood) distance
calculations by the value of the cost functiomhat mask points. The central function in
the algorithm is:

d0 = min{d+D(i)*COST(r,c),dC}

wheredOis the current value at the central point (0) of the mBgHh,is the local

distance to thé" element of the maski is the current (cost distance) vakigr,c) and
COSTr,c) is the cost function at row columnc (this cost function optionally may be
shared 50:50 witOSTXx,Y)). We describe this procedure as a Least Cost Distance
Transform (LCDT), and as such it is effectively an algorithm for geiograf an

improved variant of Accumulated Cost Surface (ACS). The surface generated by this
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procedure includes lines of equal casblinesor isodapanesproviding the basis for

subsequent determination of least cost paths (orthogonal to the isolines).

To illustrate this process, albeit with a relatively coarse approximation, the diagram
below shows the cost surface generated for the point (2,5) with a cost function of
F=10y+1 (increasingy is towards the top of the diagram, with the range in both
diredions being [0,10]).

Figure 8-9 Distance transformed cost surface, F=10y+1

In performing this operation the basic number of computations is the same as for a
standard DT, but it may be necessary tmiie the entire proce3stimes to ensure the
results converget hus t he al gor i TNinthdVhilstthis prgcédere i t y
provides very good estimates of least cost or time distances, the lattice structure itself
tends to distort optimal patfisconstruction of smoothed isolines and orthogonal paths
yield more representative results, as will computing steepest paths based upon a larger
neighbourhood, e.g. 5x5. This is illustrated by takingld &@ntour model of the data

and plotting sample pathghe diagrams ifrigure8-10 may be compared with the

analytic solution shown in the Annekigure12-5). In this latter case, where shortest

paths are shown as crossing, the geodesics are to be takenessttoverall distance or
cost of the total path, which are via the@xs for points to the right of the apparent

singularity.
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Figure 8-10 Isolines and geodesics for cost surface, F=10y+1

It is appaent from these diagrams that there is a critical region towards the right hand
side where smooth paths to/from (2,5) diverge with those further away never reaching
their target within the sample space. Least cost paths in this case are composite, being
comprised of arcs of the form (2,5) > (2,0) > (x,0) > ( x,y), where (X,y) is the set of
points to the right of this singularity, e.g. (9,5). This is readily seen frorD ai8w of

the above dataset:

Figure 8-11 3-D view of least cost surface, F=10y+1

. B0

Comparison of the cost distance values generated by LCDT with numerically
integrating the analytic solution paths indicates that close approximation to true path
costs can be achieved by modified DT. Thus, oroeergeneral level, the LCDT

procedure can be viewed as a method for numerically solving certain typeslofezon
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ordinary differential equation, and may provide clues for the solution of a broader range

of equations than those we have analysed.

A secor example of the LCDT procedure is given by an analysis of the radially
symmetric velocity field models of Wardrop and Angel and Hyman (see further, Annex
2, Sectionl2.3. In these models the speed of road traffic is assumiedrease from

the city centre in a radially symmetric manner according to a simple formula, such as

v = arP, wherer is the radius or distance from the centre, aatidp are parameters.

The diagrams below show LCDT solutions for two cases: the symemaddel of

Angel and Hyman (based on their study of traffic patterns in Manchester, England); and
the solution for a nosymmetric case (an elliptical velocity field) to demonstrate the
power of the technique to tackle problems that are analyticalbctatbole.

Figure 8-12 Distance isolines and velocity field i symmetric model

100

904

80+

704/

60+

Angel-Hyman model: Velocity = ar

In the diagram above the circles centred on (50,50) define the velocity field. The point
(50,60 is the origin of journeys, i.e. slightly east of the city centre, and isolines extend
around this point in all directions. Least travel time paths can be computed from the
origin to all locations by drawing lines orthogonal to the isolines. The elliiase
(Figure8-13) has a velocity field shown as ellipses. The solution in this instance can be
seen as a systematic distortion of the symmetric case, with isolines and associated

shortest paths pulled in the direction of the anajxis of the asymmetric field.
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Figure 8-13 Distance isolines and velocity field i asymmetric model

0

Angel-Hyman model: Elliptical velocity field variant

Wardrop (whose paper is reproduced in Angel apochéh, op. cit., p158.61) provides

an analysis of the case whgre-1/2 and p=1. Solution diagrams can be generated for

these cases analytically, providing isolines and least time paths using similar methods to
those described in previous Sections anbyothe use of Least Cost Distance
Transforms (LCDT) as described in the te:
shown inFigure8-14. In this case the radially symmetric velocity field and distance
transform isolines are shown Figure8-14A, whilst the distance transform isolines and

vectors highlighting the least cost path directions are shoWwigure8-14B:

Figure 8-14 LCDT solution for Wardrop's velocity field model

A. Wardrop model: Velocity = ad B. Vectors identifying shortest paths
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